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Abstract
Input-output conformance simulation (iocos) has been proposed by GregorioRodríguez, Llana and Martínez-Torres as a simulation-based behavioural preorder underlying model-based testing. This relation is inspired by Tretmans’
classic ioco relation, but has better worst-case complexity than ioco and supports stepwise refinement. The goal of this paper is to develop the theory of
iocos by studying logical characterisations of this relation, rule formats for it
and its compositionality. More specifically, this article presents characterisations of iocos in terms of modal logics and compares them with an existing
logical characterisation for ioco proposed by Beohar and Mousavi. It also offers
a characteristic-formula construction for iocos over finite processes in an extension of the proposed modal logics with greatest fixed points. A precongruence
rule format for iocos and a rule format ensuring that operations take quiescence properly into account are also given. Both rule formats are based on the
GSOS format by Bloom, Istrail and Meyer. The general modal decomposition
methodology of Fokkink and van Glabbeek is used to show how to check the
satisfaction of properties expressed in the logic for iocos in a compositional way
for operations specified by rules in the precongruence rule format for iocos.
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1. Introduction
Model-based testing (MBT) is an increasingly popular technique for validation and verification of computing systems, and provides a compromise between
formal verification approaches, such as model checking, and manual testing.
MBT uses a model to describe the aspects of system behaviour that are considered to be relevant at some suitable level of abstraction. This model is employed
to generate test cases automatically, while guaranteeing that some coverage criterion is met. Such test cases are then executed on the actual system in order
to check whether its behaviour complies with that described by the model.
A formal notion of compliance relation between models (specifications) and
systems (implementations) provides a formal underpinning for MBT. The defacto standard compliance relation underlying MBT for labelled transition systems with input and output actions is the classic ioco relation proposed by
Tretmans, for which a whole MBT framework and tools have been developed.
(See, for instance, [42] and the references therein. Readers interested in an older
and very influential strand of MBT research based on finite-state machines can
find a wealth of information in the excellent survey paper [32].)
An alternative conformance relation that can be used to underlie MBT is
input-output conformance simulation (iocos). This relation follows many of the
ideas in the definition of ioco. However, iocos is a branching-time semantics
based on simulation, whereas ioco is a trace-based semantics. iocos has been
introduced, motivated and proved to be an adequate conformance relation for
MBT in [20, 21, 22].
Since iocos has been proposed as an alternative, branching-time touchstone
relation for MBT, it is natural to investigate its theory in order to understand its
properties. The goal of this paper is to contribute to this endeavour by studying
the discriminating power of iocos and its compositionality. More precisely, in
Section 3, we provide modal characterisations of iocos in the style of Hennessy
and Milner [25]. We offer two modal chacterisations of iocos, which are based
on the use of either a ‘non-forcing diamond modality’ (Theorem 2) or of a
‘forcing box modality’ (Theorem 4), and compare them with existing logical
characterisations for various semantics (Section 3.1) and a logic for ioco proposed
by Beohar and Mousavi in [7] (Section 6.1). We also provide a characteristic
formula construction for iocos (Proposition 15 in Section 5) for which we need
an extension of the logic for iocos with fixed-points (Section 4), and show, by
means of an example, that, contrary to what is claimed in [33, Theorem 2],
ioco and iocos do not coincide even when implementations are input enabled
(Section 6).
As argued in [6, 43] amongst other references, MBT can benefit from a compositional approach whose goal is to increase the efficiency of the testing activity.
The above-mentioned references study compositionality of ioco with respect to
a small collection of well-chosen operations. Here we take a general approach
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to the study of compositionality of iocos, which is based on the theory of rule
formats for structural operational semantics [3]. In Section 7.1, we present a
congruence rule format for iocos based on the GSOS format proposed by Bloom,
Istrail and Meyer [11] (Theorem 21). Some of the conditions of the rule format
for iocos (Definition 16) have similarities with those of the rule format for XY simulation given by Beohar and Mousavi in [8]. However, our rule format for
iocos includes a rather involved ‘global’ condition that stems from the fact that
a specification need only simulate input transitions from an implementation
that are labelled with actions that the specification affords. In Section 7.1.1,
we present some examples showing that the restrictions of the rule format from
Definition 16 cannot be relaxed easily.
A bridge between modal characterisations of process semantics and rule formats for operational semantics is provided by the so-called modal decomposition
method of [17], whose roots can be traced back to the work by Larsen and
Liu [31]. Intuitively, this method allows one to determine whether some process
of the form f (p1 , . . . , pn ) satisfies a formula ϕ by constructing, from ϕ and the
rules defining the operation f , a collection of properties ϕ1 , . . . , ϕn such that
f (p1 , . . . , pn ) |= ϕ if, and only if, pi |= ϕi for i ∈ {1, . . . , n}. This essentially
amounts to providing a compositional model-checking procedure and proof system for the studied process logic with respect to operations specified by rules
in a given format.
In Section 7.2 we follow this approach for one of the characterising logics
for iocos in order to obtain a compositional proof system to decide whether a
term built using operations specified by rules in the iocos rule format satisfies
a formula (Theorem 22). The conditions of the iocos rule format play a crucial
role in the proof of correctness of the given decomposition method.
Since operations preserving iocos need to take quiescence into account properly, we also propose a rule format guaranteeing that operations preserve coherent quiescent behaviour (Theorem 23 in Section 7.3), and show that it is
not easy to combine the rule formats for congruence and quiescence (Proposition 24). Finally, Section 8 concludes the paper and presents avenues for future
research.
Some of the results in Sections 3, 6 and 7 were presented in the conference
paper [2]. In this extended work we offer proofs (some in the appendices) of the
results that were announced without proof in [2] and complement the study in
those sections with new results, examples and counterexamples. More in detail,
the present work contains the following new material.
• In Section 3.1, we provide a comparison between the logics characterising
iocos and some well-known process logics.
• In Section 4, we develop an extension with fixed-points of the logics for
iocos.
• In Section 5, we define the characteristic formulae for iocos-processes.
• In Section 7.1.1, we show by means of examples that the conditions for
the congruence rule format cannot be relaxed easily.
3

• In Section 7.2, we apply the modal-decomposition method for iocos.
• In Proposition 24, we show that is not easy to combine the congruence and
quiescence rule formats by considering the example of the binary merge
operator.
2. Preliminaries
The input-output conformance simulation preorder presented in [20, 21, 23]
(henceforth referred to as iocos) is a semantic relation developed under the
assumption that systems have two kinds of actions: input actions, namely those
that the systems are willing to admit or respond to, and output actions, which
are those produced by the system and that can be seen as responses or results.
We use I to denote the alphabet of input actions, which are written with a
question mark (a?, b?, c? . . .). We call O the alphabet of output actions, which
are annotated with an exclamation mark (a!, b!, δ!. . . ). In many cases we want
to name actions in a general sense, inputs and outputs indistinctly. We will
consider the set L = I ∪ O and we will omit the exclamation or question marks
when naming generic actions, a, b, c ∈ L.
A state with no output actions cannot proceed autonomously; such a state
is called quiescent. Following Tretmans (see, for instance, [39, 42]), we directly
introduce the event of quiescence as a special output action denoted by δ! ∈ O
in the definition of our models.
Definition 1. A labelled transition system with inputs and outputs, LTS for
short, is a quadruple (S, I, O, →
− ) such that
• S is a set of states, processes, or behaviours.
• I and O are disjoint sets of input and output actions, respectively. Output
actions include the quiescence symbol δ! ∈ O. We define L = I ∪ O.
• →
− ⊆ S × L × S is the transition relation. As usual, we write p −−a→ q
instead of (p, a, q) ∈ →
− and p−−a→ , for a ∈ L, if there exists some q ∈ S
a
a
such that p −−→ q. Analogously, we will write p−−6→ , for a ∈ L, if there is
a
no q such that p −−→ q.
In order to allow only for coherent quiescent systems, the set of transitions
δ!
→
− should also satisfy the following requirement: p −−
→ p0 iff p = p0 and
a!
p−−6→ for each a! ∈ O \ {δ!}.
The extension of the transition relation to sequences of actions is defined as
usual.
Contrary to the classic ioco testing theory, in the theory of iocos presented
in [20, 21, 22, 23], all actions are assumed to be observable. In this paper, we
follow those references and consider only concrete actions.
In general we use p, q, p0 , q 0 . . . for states or behaviours, but also i, i0 , s and s0
when we want to emphasise the specific role of a behaviour as an implementation
4

or a specification, respectively. We consider implementations and specifications,
or, more generally, behaviours under study, as states of the same LTS.
The following functions over states of an LTS will be used in the remainder
of the paper:
outs(p)
ins(p)

=
=

a!
{a! | a! ∈ O, p −−
→ }, the set of initial outputs of a state p.
a?
{a? | a? ∈ I, p −−
→ }, the set of initial inputs of a state p.

The definition of input-output conformance simulation given below stems
from [20, 21, 23], to which we refer the interested reader for motivation and
discussion.
Definition 2. We say that a binary relation R over states in an LTS is an
iocos-relation if, and only if, for each (p, q) ∈ R the following conditions hold:
1. ins(q) ⊆ ins(p).
a?
2. For all a? ∈ ins(q) and p0 ∈ S, if p −−
→ p0 then there exists some q 0 such
a?
0
0 0
that q −−→ q and (p , q ) ∈ R.
a!
3. For all a! ∈ O and p0 ∈ S, if p −−
→ p0 then there exists some q 0 such that
a!
0
0 0
q −−→ q and (p , q ) ∈ R.

We define the input-output conformance simulation (iocos) as the largest iocosrelation, that is, the union of all iocos-relations:
[
iocos = {R | R ⊆ S × S, R is an iocos-relation}.
We write p iocos q instead of (p, q) ∈ iocos.
Example 1. Consider the following processes:
δ!

i

a?

s

δ!

It is easy to see that i iocos s. Indeed, ins(s) = ∅ and therefore the specification s does not prevent the implementation i from offering the input transition
a?
i −−
→ i.
Remark 1. In what follows, we will consider only image-finite LTSs, that is,
LTSs where for each p and each a ∈ I ∪ O there are only finitely many p0 such
a
that p → p0 . Also, we will consider both I and O to be finite sets.
Throughout the paper we make extensive use of modal logics. A logic over
processes is defined by a language to express the formulae in the logic and a
satisfaction relation that defines when a process (that is, a state of an LTS) has
the property described by some formula. A classic example and a reference for
the rest of the paper is Hennessy-Milner Logic [25].
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Definition 3. Hennessy-Milner Logic over the set of actions L (abbreviated to
HML) is the collection of formulae defined by the following BNF grammar:
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | [ a ]φ | haiφ,
where a ∈ L. HML is interpreted over an LTS by defining a satisfaction relation
|= relating states to formulae. The semantics of the boolean constants tt and
ff and of the boolean connectives ∧ and ∨ is defined as usual. The satisfaction
relation for the modalities hai and [ a ] is as follows:
• p |= haiϕ iff there exists some p0 such that p −−a→ p0 and p0 |= ϕ.
• p |= [ a ]ϕ iff for all p0 , p −−a→ p0 implies p0 |= ϕ.
As usual, we extend both boolean connectives ∧ and
V ∨ to finite sets: givenWa finite
index set I and formulae ϕi (i ∈ I), we define i∈I ϕi (respectively, i∈I ϕi )
as the finite conjunction (respectively, finite disjunction)
of the formulae ϕi .
V
We
follow
the
standard
convention
of
considering
ϕ
equivalent
to tt and
i
i∈∅
W
i∈∅ ϕi equivalent to ff .
Every subset of HML naturally induces a preorder on a given set of behaviours.
Definition 4. Given a logic L included in HML and a set S of states in an
LTS, we define ≤L as the binary relation over S given by
p ≤L q

∀φ ∈ L (p |= φ ⇒ q |= φ).

iff

Proposition 1. For each logic L, the binary relation ≤L is a preorder.
3. Logic for iocos
In this section we present logics that characterise the iocos relations, both
the preorder and its induced equivalence. These logics are subsets of HennessyMilner Logic (HML) and are convenient to characterise clearly the discriminating power of the iocos relation. We will use these logics to compare iocos with
other behavioural simulation-based relations in the literature in Sections 3.1
and 6. In Section 4, we will address the study of more expressive logics for iocos
that are more suitable for the description of system properties.
Definition 5. The syntax of the logic for iocos, denoted by Liocos , is defined by
the following BNF grammar:
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | h|a?|iφ | ha!iφ,
where a? ∈ I and a! ∈ O. The semantics of the constants tt and ff , of the
boolean connectives ∧ (conjunction) and ∨ (disjunction), and of the modality
ha!i (diamond) are defined as usual. The satisfaction relation for the modality
h|a?|i is given below:
a?

a?
p |= h|a?|iφ iff p −
−−−6→ or p0 |= φ for some p −−
→ p0 .
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The new modal operator h|a?|i can be read as a non-forcing diamond modality: if the input action labelling the modality is not possible in a given state
then the formula is satisfied. This operator can be expressed with the classic
modalities in HML; indeed, h|a?|iφ is equivalent to ha?iφ ∨ [ a? ]ff . The need
for this special modality arises because, in order for i iocos s to hold, s need
only match the input transitions of i that are labelled with input actions that s
affords.
Remark 2. Note that the formula h|a?|iff is logically equivalent to the HML
a?

formula [ a? ]ff . In other words, p |= h|a?|iff iff p−
−−−6→ .
According to Definition 4, the logic Liocos induces the preorder ≤Liocos . Next
we prove that this logical preorder coincides with the input-output conformance
simulation preorder, iocos, over an arbitrary (image-finite) LTS.
Theorem 2. For all states i, s in some LTS,
i iocos s

i ≤Liocos s.

iff

Proof. We prove the two implications separately.
• Only if implication: Assume that i iocos s and i |= φ with φ ∈ Liocos . We
show that s |= φ by structural induction over the formula φ. We limit
ourselves to presenting the case that φ = h|a?|iϕ, for some ϕ.
a?

Since s |= h|a?|iϕ holds when s−
−−−6→ , in what follows we may assume
that a? ∈ ins(s). Since i iocos s, by Definition 2.1, ins(s) ⊆ ins(i). So, from
a? 0
i |= h|a?|iϕ we obtain that there exists some i0 such that i −−
→ i and i0 |= ϕ.
a?
By Definition 2.2, we have that there exists some s0 such that s −−
→ s0
0
0
0
such that i iocos s . Now, since i |= ϕ, by the induction hypothesis, we
have also that s0 |= ϕ. That is, s |= h|a?|iϕ, which was to be shown.
• If implication: Consider the relation R = {(i, s) | i ≤Liocos s}. We claim
that R is an iocos-relation. We will prove that claim by contradiction.
Assume that (i, s) ∈ R does not satisfy the requirements in Definition 2.
We will see that there exists a formula ϕ in Liocos such that i |= ϕ and
s 6|= ϕ, contradicting the assumption that i ≤Liocos s. We distinguish three
cases according to the conditions in Definition 2.
– Assume that ins(s) 6⊆ ins(i). Then, there exists some a? ∈ ins(s) \
ins(i). In this case, using Remark 2, i |= h|a?|iff but s 6|= h|a?|iff .
a?
– Assume that there exist a? ∈ ins(s) ∩ ins(i) and i0 such that i −−
→ i0
a?
a?
and (i0 , s0 ) ∈
/ R for each s0 such that s −−→ s0 . Since for each s −−→ s0
0 0
0
/ R, there
we have (i , s ) ∈
V exist formulae ϕs0 such that i |= ϕs0 and
0
0
0
s 6|= ϕs . Let ϕ = h|a?|i a? 0 ϕs . By construction i |= ϕ and s 6|= ϕ.
s→s
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a! 0
– Assume that there exist a! ∈ O and i0 such that i−−
→ i and (i0 , s0 ) ∈
/R
a!
a!
0
0
for all s −−→ s . As above, for each s −−→ s there exists some formula
ϕs0 suchVthat i0 |= ϕs0 and s0 6|= ϕs0 . In this case, the formula
ϕ = ha!i a! 0 ϕs0 is such that i |= ϕ but s 6|= ϕ.
s→s

Remark 3. An easy consequence of the above logical-characterisation theorem
is that there is no formula in Liocos that is logically equivalent to the HML
formula ha?itt. Indeed, that formula is satisfied by state i, but not by state s,
in Example 1.
The iocos relation is a preorder and it induces the equivalence relation,
iocos≡ . We can logically characterise this equivalence with the following result.
Corollary 3. For all states p, q in some LTS,
p iocos≡ q

iff

(∀φ ∈ Liocos

p |= φ iff q |= φ).

The logic for iocos we have presented in Definition 5 follows a standard
approach to the logical characterisation of simulation semantics; see, for instance, [15, 18]. However, the iocos relation originated in the model-based
testing environment where the natural reading for a logical characterisation
would be ‘every property satisfied by the specification should also hold in the
implementation.’ Next we define an alternative logic that better matches this
specification/implementation view.
Definition 6. The syntax of the logic Leiocos is defined by the following BNF
grammar:
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | Ja?Kφ | [ a! ]φ,

where a? ∈ I and a! ∈ O. The semantics of the constants tt and ff , of the
boolean connectives ∧ and ∨, and of the modality [ a! ] is defined as usual. The
satisfaction relation for the modalities Ja?K is as follows:
a?
a?
p |= Ja?Kφ iff p −−
→ and p0 |= φ, for each p −−
→ p0 .

The new modal operator, denoted by Ja?K, can be read as a forcing box
modality: the action specified in the modality must be possible in order for a
process to satisfy the formula. This operator can be described with the classic
modalities in HML: Ja?Kφ is equivalent to ha?itt ∧ [ a? ]φ.
Remark 4. Notice that the formula Ja?Ktt is logically equivalent to ha?itt. In
a?
other words, p |= Ja?Ktt iff p−−
→.
Now with this logic, we can define a preorder ≤Leiocos in terms of the formulae
that the specification satisfies: s ≤ e i iff ∀φ ∈ Leiocos (s |= φ ⇒ i |= φ).
Liocos
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We note that the logics Liocos and Leiocos are dual. In fact, there exist mutual
transformations between both sets of formulae such that a behaviour satisfies
one formula if, and only if, it does not satisfy the transformed formula. These
statements are at the heart of the proof of the following result, as we will show
below.
Theorem 4. For all states i, s in some LTS, i iocos s iff s ≤Leiocos i.
Definition 7. We define the bijection T : Liocos → Leiocos by induction on the
structure of formulae in the following way:
• T (tt) = ff .
• T (ff ) = tt.
• T (φ1 ∧ φ2 ) = T (φ1 ) ∨ T (φ2 ).
• T (φ1 ∨ φ2 ) = T (φ1 ) ∧ T (φ2 ).
• T (h|a?|iφ) = Ja?KT (φ).
• T (ha!iφ) = [ a! ]T (φ).
The inverse function T −1 : Leiocos → Liocos is defined in the obvious way.
In order to prove Theorem 4, we first prove the following lemma to the effect
that a behaviour satisfies some formula φ if, and only if, it does not satisfy the
transformed formula T (φ).
Lemma 5. For each state p in some LTS, and formula φ ∈ Liocos , we have that
(i) if p |= φ then p 6|= T (φ), and
(ii) if p 6|= φ then p |= T (φ).
Proof. We prove both statements by structural induction over the formula φ ∈
Liocos . We limit ourselves to giving the proof for the case φ = h|a?|iϕ. By
definition T (h|a?|iϕ) = Ja?KT (ϕ).
(i): Consider some process p such that p |= h|a?|iϕ. Since p |= h|a?|iϕ we have
a?

a?

a?
that either p−
−−−6→ , or there exists p −−
→ p0 such that p0 |= ϕ. If p−
−−−6→ , then
a?
p 6|= Ja?KT (ϕ). Assume now that there exists some p0 such that p −−
→ p0 and
0
0
p |= ϕ. By the inductive hypothesis, p 6|= T (ϕ). Therefore p 6|= Ja?KT (ϕ), and
we are done.
(ii): Consider, on the other hand, some process p such that p 6|= φ. This
a?
a?
means that p−−
→ and p0 6|= ϕ for all p −−
→ p0 . By the induction hypothesis, p0 |=
a?
a?
0
0
T (ϕ) for each p such that p −−→ p . Since p−−
→ , we obtain that p |= Ja?KT (ϕ),
thus concluding the proof.

The following corollary will be useful in the proof of Theorem 4.
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Corollary 6. For every state p in some LTS, and all formulae φ ∈ Liocos and
ψ ∈ Leiocos , the following properties hold:
(i) p |= φ iff p 6|= T (φ).
(ii) p |= ψ iff p 6|= T −1 (ψ).
Finally, we have all the ingredients we need in order to prove Theorem 4,
which is the equivalent result to Theorem 2 for Leiocos .
Proof of Theorem 4. Assume that i iocos s and let us consider φ ∈ Leiocos such
that s |= φ. By Corollary 6.(ii), s 6|= T −1 (φ), with T −1 (φ) ∈ Liocos . Now, by
Theorem 2, this implies i 6|= T −1 (φ) and by Lemma 5.ii, i |= T (T −1 (φ)) = φ.
On the other hand, let us suppose that for all φ ∈ Leiocos , if s |= φ then i |= φ.
By Theorem 2 to show that i iocos s it suffices to prove that i |= ϕ implies s |= ϕ
for each ϕ ∈ Liocos . To this end, let us suppose that i |= ϕ. By Corollary 6.(i),
we have that i 6|= T (ϕ). Now, by hypothesis, since T (ϕ) ∈ Leiocos it must also be
the case that s 6|= T (ϕ). Applying again Corollary 6.(i) we obtain that s |= ϕ.
Thus, we conclude that i iocos s, finishing the proof.
As we did in Corollary 3 for Liocos , we can also easily characterise the equivalence relation iocos≡ by using Leiocos .
Corollary 7. For all states p, q in some LTS ,
p iocos≡ q

iff

(∀φ ∈ Leiocos

p |= φ iff q |= φ).

From Corollaries 3 and 7 we can also tell that iocos≡ can be logically characterised by means of boolean combinations of the formulae in the logics Liocos
and Leiocos . This means that we could write formulae that are in Liocos or in
Leiocos and make conjunctions and disjunctions between them, but not nest in
the same formula modal operators from Liocos and Leiocos . That is, h|a?|itt∧[ x! ]ff
would be acceptable, but h|a?|i[ x! ]ff , would not. This is reminiscent of the case
of mutual simulation and its logical characterisation as opposed to bisimulation
equivalence and its logical characterisation [15, 18].
Definition 8. The logic L≡
iocos is defined by the following BNF grammar:
φ ::= ψLiocos | ψLeiocos | φ ∨ φ | φ ∧ φ,
where ψLiocos ∈ Liocos and ψLeiocos ∈ Leiocos .
Corollary 8. For all states p, q in some LTS,
p iocos≡ q iff (∀φ ∈ L≡
iocos
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p |= φ iff q |= φ).

3.1. Related logics
Logics provide a systematic way to compare behavioural relations. In this
section we relate the characterisations for iocos presented in Section 3 with other
logics for coinductively defined relations based on similarity, previously defined
in the literature.
First we start with HML (Definition 3), characterising bisimulation equivalence [25], that determines a clear upper bound on the expressiveness of the
logics for iocos. In what follows, (strict) inclusions and equalities between logics
are up to logical equivalence. For example, L ⊆ L0 means that, for each ϕ ∈ L,
there is some ϕ0 ∈ L0 that is logically equivalent to ϕ.
Proposition 9. Liocos ⊂ HML and Leiocos ⊂ HML.
Proof. The only non-standard operator used in Liocos is the h| · |i operator (J·K
in Leiocos , respectively), but, as observed earlier, formulae h|a?|iϕ (Ja?Kϕ, respectively) can be expressed in HML as ha?iϕ ∨ [ a? ]ff (ha?itt ∧ [ a? ]ϕ, respectively).
We assume no distinction between input and output actions in HML. As noted
before in Remark 3, the HML formula ha?itt cannot be expressed in Liocos and
thus Leiocos cannot express its dual [ a? ]ff .
The simulation and ready simulation preorders [11] have been logically characterised in the literature using subsets of HML, see for instance [12, 15, 18].
Definition 9. The logics for plain simulation and ready simulation, denoted
by Ls and Lrs respectively, are defined by the following BNF grammars, where
a ∈ L:
Ls
Lrs

: φ ::= ff | tt | φ ∧ φ | φ ∨ φ | haiφ.
: φ ::= ff | tt | φ ∧ φ | φ ∨ φ | haiφ | [ a ]ff .

Remark 5. In the classic literature, see for instance [11, 12, 18], the logics
characterising simulation and ready simulation include neither the disjunction
operator ∨ nor the constant ff ; however, as was already proved in [15], those
constructs can be safely added to those logics without altering their discriminating power.
Proposition 10. For the logics Ls , Lrs and Liocos the following properties hold:
1. Lrs ⊇ Liocos ,
2. Lrs 6⊆ Liocos ,
3. Ls 6⊇ Liocos and
4. Ls 6⊆ Liocos .
a?
b?
δ!
Proof. Let us consider a state p with transitions p −−
→ p, p −−
→ p and p −−
→ p,
a?
δ!
and state q with the transitions q −−→ q and q −−→ q. Observe that p iocos q and
therefore Liocos (p) ⊆ Liocos (q) (Theorem 2). This will be used in the proofs of
statements 2–4 below. We consider each statement separately.
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1. Lrs ⊇ Liocos . All formulas in Liocos are also in Lrs .
2. Lrs 6⊆ Liocos . Considering states p and q above, we have that p iocos q and
therefore p ≤Liocos q. However, the formula hb?itt in Lrs is satisfied by p
and not q. So there is no Liocos formula equivalent to it.
3. Ls 6⊇ Liocos . Considering states p and q above, we have that q is simulated
by p, that is q ≤Ls p, but formula h|b?|iff is satisfied by q and not by p
and therefore q 6≤Liocos p. It follows that there is no formula in Ls that is
logically equivalent to h|b?|iff .
4. Ls 6⊆ Liocos . Considering again states p and q. We have that p iocos q
and therefore p ≤Liocos q, but p 6≤Ls q because p satisfies ha?itt but q does
not. This means that ha?itt cannot be expressed in Liocos up to logical
equivalence.
As we already discussed in Remark 5, disjunction does not add any distinguishing power to Lrs . However, disjunction is needed for the validity of
statement 1 in Proposition 10, as the next lemma formalises.
Lemma 11. Let L0rs be defined as
L0rs : φ ::= tt | φ ∧ φ | haiφ | [ a ]ff ,
where a ∈ L. Then, there is no formula in L0rs such that is logically equivalent
to the formula h|a?|ihb!itt ∈ Liocos .
Proof. Let φ be a formula in L0rs . We will show that φ is not equivalent to
ψ = h|a?|ihb!itt. To thisVend, note first
V of all that, up to logical equivalence, φ
can be written as φ = i∈I hai iφi ∧ j∈J [ bj ]ff , for finite sets I and J, actions
ai and bj and formulae φi . Notice that if I = J = ∅, then φ is a tautology which
is not logically equivalent to ψ = h|a?|ihb!itt. Let us assume then that I 6= ∅ or
J 6= ∅. We distinguish two cases.
First, assume that some bj is different from a?. Let us consider the process
bj

δ!
p such that p −−→ p and p −−
→ p. We have that p |= ψ but p 6|= φ, which implies
that ψ and φ are not logically equivalent.
Next, assume that all the bj ’s are equal to a?. There are two subcases.

• J 6= ∅. In this case, if there exists some i ∈ I such that ai = a?, φ is
unsatisfiable, and thus is not equivalent to ψ. Otherwise, let us consider
two subcases. If I = ∅, φ is logically equivalent to [ a? ]ff which is not
a?
equivalent to ψ. Otherwise, if I 6= ∅, the process p such that p −−
→ p and
b!
p −−→ p, clearly satisfies ψ but p 6|= φ.
• J = ∅. In this case, I 6= ∅. There are two cases: either there exists
some i ∈ I such that ai = a?, or there is not. In the former, the process
δ!
nil −−
→ nil satisfies ψ but does not satisfy φ. In the latter, let us consider
a?
δ!
a process q such that q −−
→ q and q −−
→ q. Clearly q |= ψ but q 6|= φ, which
implies that those formulae are not equivalent.
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Besides the classic semantic relations (bisimulation, simulation and ready
simulation) there is a less standard relation in the literature, the so-called
covariant-contravariant simulation, that is quite close to iocos in its formulation. Let us recall here this relation and its characterising logic.
Definition 10 (Covariant-contravariant simulation [16]). Consider an alphabet
A, and let {Ar , Al , Abi } be a partition of this alphabet. A binary relation R over
states in an LTS is a covariant-contravariant simulation relation if and only if
for each (p, q) ∈ R the following conditions hold:
• for all a ∈ Ar ∪ Abi and all p −−a→ p0 there exists q −−a→ q 0 with (p0 , q 0 ) ∈ R,
• for all b ∈ Al ∪ Abi , and all q −−b→ q 0 there exists p −−b→ p0 with (p0 , q 0 ) ∈ R.
We will write p .CC q if there exists a covariant-contravariant simulation R
such that (p, q) ∈ R.
Let us note that the case of Al = Abi = ∅ and Ar = L would yield plain
simulation. In addition, the case Al = Ar = ∅ and Abi = L would yield
bisimulation. Covariant-contravariant simulation are also called XY -simulation
(for instance in [1]). There the sets X and Y might not be disjoint, but the
definitions are equivalent.
Definition 11 (Covariant-contravariant logic [16]). The syntax of the logic for
covariant-contravariant, denoted by LCC , is defined by the following BNF grammar:.
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | haiφ | [ b ]φ,
where a ∈ Ar ∪ Abi and b ∈ Al ∪ Abi .
There are clear similarities between Definition 10 and the definition of iocos
in Definition 2. Nevertheless, as it is not difficult to prove from the characterising
logics, the relations .CC and iocos are not related.
Proposition 12. The covariant-contravariant simulation and iocos are not
comparable.
Proof. Given that for the iocos relation the input and output sets are disjoint,
we consider Abi = ∅. Let us consider the following processes:
a?
δ!
→ p and p0 −−b!→ p0 ;
• p −−
→ p0 , p −−
a?
δ!
a?
δ!
• q −−
→ q1 , q −−
→ q, q −−
→ q2 , q1 −−b!→ q1 and q2 −−
→ q2 ;
a?
b?
δ!
• r −−
→ r, r −−
→ r and r −−
→ r; and
a?
δ!
• s −−
→ s and s −−
→ s.

We discuss the different alternatives:
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• If Ar = I, Al = O, then LCC can be expressed as
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | ha?iφ | [ b! ]φ,
which is not comparable with Leiocos
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | Ja?Kφ | [ b! ]φ.
First, let us consider the processes p and q. p .CC q which implies that
LCC (p) ⊆ LCC (q), but p |= Ja?K[ δ! ]ff whereas q 6|= Ja?K[ δ! ]ff . It follows
that there is no formula in LCC that is logically equivalent to Ja?K[ δ! ]ff .

Analogously, consider r and s. Is clear that r iocos s which implies that
Leiocos (r) ⊆ Leiocos (s), but r |= hb?itt and s 6|= hb?itt, which implies that
there is no formula in Leiocos that is logically equivalent to hb?itt.
• If Ar = O, Al = I, then LCC can be expressed as
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | [ a? ]φ | hb!iφ,
that is not comparable to Liocos
φ ::= tt | ff | φ ∧ φ | φ ∨ φ | h|a?|iφ | hb!iφ.
First, let us consider p and q. Observe that p iocos q, which implies
Liocos (p) ⊆ Liocos (q). Now, p |= [ a? ]hb!itt but q 6|= [ a? ]hb!itt. It follows
that there is no formula in Lioco that is logically equivalent to [ a? ]hb!itt.

Analogously, consider r and s. Is clear that s .CC r which implies that
LCC (s) ⊆ LCC (r), but s |= h|b?|i[ δ! ]ff and r 6|= h|b?|i[ δ! ]ff , which implies
that there is no formula in LCC that is logically equivalent to h|b?|i[ δ! ]ff .
The comparison between the logics characterising the relations iocos and
Tretmans’ ioco is of particular interest. We will delay this comparison till Section 6, as we will make use of some of the results in the following sections.
4. Adding fixed points to the logics
Even if an LTS is image-finite and has a finite number of states, it can
capture infinite behaviours, for example by means of loops. As is well known,
the logics presented in Section 3 can only describe properties of finite fragments
of process computations and can be made more expressive by extending them
with fixed-point operators.
Here we only explicitly show how to add the greatest fixed-point operator to
one of the characterising logics for iocos, Leiocos , presented in Section 3. We will
make use of this extended logic in Section 5 to define the characteristic formula
for processes with respect to iocos.
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In this section we follow the approach of the so-called equational µ-calculus
(see, for example, [4, 30] to which we refer the reader for further details). We
assume a countably infinite set Var of formula variables. The meaning of formula
variables is specified by means of a declaration. A declaration is a function D :
Var → Leiocos that associates a formula D(X) with each variable X. Intuitively,
if D(X) = φ, then X stands for the largest solution of the equation X = φ. In
what follows, we are only interested in the restriction of a declaration to a finite
collection of formula variables, and we express such a declaration as a system
of equations X1 = φ1 , . . . , Xn = φn , with n ≥ 1.
We interpret the language over the set S of processes in some LTS. Since
a formula ϕ may contain formula variables, its semantics—that is, the set of
processes in S that satisfy ϕ—is defined relative to an environment σ : Var →
P(S). Intuitively, σ assigns to each variable the set of processes in S for which
the variable holds true.
As is well known, the set of all environments [Var → P(S)] is a complete
lattice with respect to the partial order induced by pointwise set inclusion.
Definition 12. The syntax of the logic for iocos with greatest fixed points,
denoted by Leνiocos , is defined by the following BNF grammar
φ ::= X | tt | ff | φ ∧ φ | φ ∨ φ | Ja?Kφ | [ a! ]φ,
where a? ∈ I, a! ∈ O and X ∈ Var.
The semantics of Leνiocos is given by:
• (σ, p) |= X iff p ∈ σ(X).
• (σ, p) |= tt for all p.
• (σ, p) |= ϕ1 ∧ ϕ2 iff (σ, p) |= ϕ1 and (σ, p) |= ϕ2 .
• (σ, p) |= ϕ1 ∨ ϕ2 iff (σ, p) |= ϕ1 or (σ, p) |= ϕ2 .
a!
• (σ, p) |= [ a! ]φ iff (σ, p0 ) |= φ for each p −−
→ p0 .
a?
a?
• (σ, p) |= Ja?Kφ iff p−−
→ and (σ, p0 ) |= φ, for each p −−
→ p0 .

The semantics of each formula ϕ is therefore the function LϕM : [Var → P(S)] →
P(S) defined thus:
LϕMσ = {p | (σ, p) |= ϕ}.
A declaration function D induces an endofunction LDM over the complete lattice
[Var → P(S)] defined by
(LDMσ)(X) = LD(X)Mσ.
Proposition 13. The function LDM is monotone. Indeed, so is LϕM for each
formula ϕ.
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Proof. Since Ja?Kϕ is logically equivalent to the HML formula ha?itt ∧ [ a? ]ϕ,
the result follows straightforwardly from the monotonicity of the semantic counterparts of the operators in HML (see [30], for example).
Since LDM is a monotone endofunction over a complete lattice, it has a greatest (and a least) fixed point LDMmax by the Knaster-Tarski Theorem [40].
Theorem 14. For all states i, s in some LTS,
i iocos s

iff

∀φ ∈ Leνiocos

s |= φ ⇒ i |= φ.

Proof. Since Leiocos is a sublogic of Leνiocos , the if implication of the proof follows by Theorem 4. For the only if implication, the proof follows by applying
the standard techniques for µ-calculus and bisimulation equivalence (see, for
example, [38, Section 5.4]).
Remark 6. We showed in Section 3 how Liocos and Leiocos are dual logics (Corollary 6). Analogously to the construction of Leνiocos from Leiocos , we could add µ,
the least fixed point operator, to the logic Liocos , for defining Lµiocos .
Logics like Leνiocos can be used in model checking in order to evaluate if an implementation satisfies some desired properties. There is already a tool support
for iocos implemented in the mCRL2 tool set [14, 22, 24], including a minimisation algorithm. This allows one to model check Leνiocos using the mCRL2 tool. In
fact, the built-in logic used in mCRL2 is the first-order modal µ-calculus [27],
which is an extension of the µ-calculus where the actions are allowed to include
data parameters. We omit that extension here, but we show some examples of
properties that can be expressed with our logic.
Example 2. Let us illustrate some useful properties that can be expressed using
the logic Leνiocos .
• In the theory of ioco, implementations are supposed to be input enabled,
that is, each of their reachable states should be able to perform every input
action. This requirement can be expressed as follows:
X=

^
a?∈I

Ja?KX ∧

^

[ b! ]X.

b!∈O

• The next formula formalises that a property ϕ must hold invariantly over
input-enabled systems:
X =ϕ∧(

^

a?∈I

Ja?KX ∧

^

[ o! ]X).

o!∈O

That is, ϕ must be true, and must remain true after performing any input
or output action.
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5. Characteristic formulae
Once we have logically characterised iocos, it is natural to search for a single
logical formula that characterises completely the behaviour of a process up to
that preorder; this is what is called a characteristic formula [19, 37]. In this
section we follow [4] in order to define such a formula for processes with respect
to iocos. We will consider the logic from Section 4 with its greatest-fixed-point
interpretation given therein.
First, let us define the notion of characteristic formula for the particular case
of the iocos-semantics.
Definition 13. A formula χs is characteristic for s (with respect to iocos) iff
for all i it holds that i |= χs if, and only if, i iocos s. (Note that this also implies
that s |= χs .)
The next proposition states the explicit definition of characteristic formulae
in the iocos framework.
Proposition 15. The characteristic formula for a process q in a finite LTS can
be obtained recursively as:
^
_
^
_
χq0 ,
(1)
χq0 ∧
[ a! ]
χq =
Ja?K
a?∈ins(q)

a?

q−
−→ q0

a!∈O

a!

q−
−→ q0

that is, letting D be the declaration defined by the equations of the form (1), we
have that: (LDMmax , p) |= χq iff p iocos q.
Remark 7. Note that χq constrains the behaviour of a process that satisfies it
only for those input actions that q can perform, exactly in the same way as the
iocos relation does.
In order to prove Proposition 15, we follow the general theory described in
[4]. The concrete goal is to apply Corollary 3.4 in [4]. As a first step, we define
iocos as the greatest fixed-point of a monotone function, denoted by Fio , over
the set of binary relations over S, the set of states of an LTS.
Definition 14. For each R ⊆ S × S, we have that (p, q) ∈ Fio (R) iff
1. ins(q) ⊆ ins(p),
a?
a?
2. for all a? ∈ ins(q), if p −−
→ p0 then there exists some q 0 such that q −−
→ q0
0 0
and (p , q ) ∈ R, and
o!
o!
3. for all o! ∈ O, if p −−
→ p0 then there exists some q 0 such that q −−
→ q 0 and
0 0
(p , q ) ∈ R.

Next, we show a result connecting Fio and χ defined in Proposition 15.
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Lemma 16. Let R ⊆ S × S and p, q ∈ S. Consider the set of variables Var =
{Xp | p ∈ S} and let σR be the interpretation defined as σR (Xq ) = {p | (p, q) ∈
R}. Then, (p, q) ∈ Fio (R) iff
^
_
^
_
Xq0 ∧
Xq0 ,
(σR , p) |=
Ja?K
[ a! ]
a?∈ins(q)

a?

q−
−→ q0

a!∈O

a!

q−
−→ q0

Proof. First, suppose that (p, q) ∈ Fio (R). We will show that
^
_
^
_
Xq0 ∧
Xq0 .
(σR , p) |=
Ja?K
[ a! ]
a?∈ins(q)

a?

q−
−→ q0

a!∈O

a!

q−
−→ q0

To this end, let a? ∈ ins(q). We show first that (σR , p) |= Ja?K

W

a?

q−
−→ q0

Xq0 .

Indeed, since (p, q) ∈ Fio (R), ins(q) ⊆ ins(p). Hence, a? ∈ ins(p) and therea?
a?
fore p−−
→ . Assume now that p −−
→ p0 , for some p0 , we claim that (σR , p0 ) |=
W
a?
X 0 . Indeed, since (p, q) ∈ Fio (R), a? ∈ ins(q) and p −−
→ p0 , there exists
a?
q−
−
→ q0 q
a?
some q 0 such that q −−
→ q 0 with (pW0 , q 0 ) ∈ R, that is, such that p0 ∈ σR (Xq0 ).
Thus, we have that (σR , p) |= Ja?K
X 0.
a?
q−
−
→ q0 q W
V
Next, let us see that (σR , p) |= a!∈O [ a! ]
X 0 . Analogously to
q−
−a!→ q0 q
a!
the previous case let us assume that p −−
→ p0 , for some p0 . We claim that
W
a!
(σR , p0 ) |=
X 0 . Indeed, since (p, q) ∈ Fio (R) and p −−
→ p0 , there exists
a?
q−
−
→ q0 q
a!
0 0
0
some q 0 such that q −−
→ q 0 with (p
W , q ) ∈ R, that is, such that p ∈ σR (Xq0 ).
Thus, we have that (σR , p) |= [ a! ]
X 0 . This completes the proof of the
a?
q−
−
→ q0 q
first implication of the theorem.
Now, let us suppose that
^
_
^
_
(σR , p) |=
Ja?K
Xq0 ∧
[ a! ]
Xq0 .
a?∈ins(q)

a?

q−
−→ q0

a!∈O

a!

q−
−→ q0

We prove
that (p, q) ∈ Fio (R). First, since for each a? ∈ ins(q), (σR , p) |=
W
Ja?K
X 0 , we obtain that ins(q) ⊆ ins(p).
a?
q−
−
→ q0 q
W
Next, let us consider some a? ∈ ins(q). Since (σR , p) |= Ja?K
X 0 , we
a?
q−
−
→ q0 q
W
a?
a?
have that (σR , p0 ) |=
X 0 for every p −−→ p0 . Hence, for every p −−
→ p0 ,
a?
q−
−
→ q0 q
a?
a?
there exists some q −−
→ q 0 such that (σR , p0 ) |= Xq0 , that is, for every p −−
→ p0 ,
a?
there exists some q −−
→ q 0 such that (p0 , q 0 ) ∈ R.
W
Finally, let us consider a! ∈ O, since (σR , p) |= [ a! ]
X 0 , we also
q−
−a!→ q0 q
W
a!
a!
have that (σR , p0 ) |=
X 0 for every p −−→ p0 . Hence, for each p −−
→ p0
q−
−a!→ q0 q
a!
there exists q −−
→ q 0 such that (σR , p0 ) |= Xq0 , that is, such that (p0 , q 0 ) ∈ R.
This completes the proof of the lemma.
In the light of Lemma 16, we can apply Corollary 3.4 in [4] to prove Proposition 15, which gives the explicit definition of the characteristic formula for
iocos.
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6. The relation between iocos and ioco
Input-output conformance (ioco) was introduced by Tretmans in [41]. The
intuition behind ioco is that a process i is a correct implementation of a specification s if, for each sequence of actions σ allowed by the specification, all the
possible outputs from i after having performed σ are allowed by the specification. This is formalised below in a setting in which all actions are observable.
Definition 15. Let (S, I, O, →
− ) be an LTS with inputs and outputs. We define
the traces of a state p ∈ S as traces(p) = {σ | ∃p0 . p −−σ→ p0 }. Given a trace
σ
0
0
0
σ, we define
S p after σ = {p | p ∈ S, p −−→ p }. For each T ⊆ S, we set
Out(T ) = p∈T outs(p). Finally, the relation ioco ⊆ S × S is defined as:
i ioco s iff Out(i after σ) ⊆ Out(s after σ), for all σ ∈ traces(s).
As shown in [20, Theorem 1], iocos is included in ioco.
In the setting of Tretmans’ standard ioco theory [41], only input-enabled
implementations are considered. We recall that a state i in an LTS is input
enabled if every state i0 that is reachable from i is able to perform every input
a?
action, that is, i0 −−
→ holds for each a? ∈ I.
Theorem 2 in [33] states that if i is input enabled, i ioco s implies i iocos s.
This means that, when restricted to input-enabled implementations, ioco and
iocos coincide, and therefore the logics characterising iocos presented in this
paper also characterise ioco over that class of LTSs. Unfortunately, however,
Theorem 2 in [33] does not hold, as shown in the following example.
Example 3. Let s and i be defined as follows, where we assume that I =
{a?, b?}.
δ!

δ!

s

i

a?

a?

s1

a?
0

s2

b!

b?

i
b!

a!

a?, b?

a!

·

·

δ!

δ!, a?, b?

Note that i is input-enabled, as required by the theory of ioco. It is easy to see
that i ioco s. On the other hand, i iocos
/ s because each iocos relation containing
the pair (i, s) would also have to contain the pair (i0 , s1 ) or the pair (i0 , s2 ).
However, no relation including either of those pairs is an iocos-relation because
a!
b!
a!
i0 −−
→ and i0 −−b!→ , but s1 −−6→ and s2 −−6→ .
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However, as one might expect, Theorem 2 in [33] becomes true when the
specification s is deterministic. An LTS is deterministic whenever there is only
one possible successor for each action, that is, if for all p, p0 , p00 ∈ S and a ∈ L,
if p −−a→ p0 and p −−a→ p00 , then p0 = p00 .
Proposition 17. Let i be an input-enabled LTS and s be a deterministic LTS.
If i ioco s then i iocos s.
Proof. Assume that i ioco s. We will show that the relation
R = {(p, q) | ∃σ ∈ traces(s) such that p ∈ i after σ and q ∈ s after σ}
is a iocos-relation. First, we observe that (i, s) ∈ R since ε ∈ traces(s). Now,
we show that any pair (p, q) ∈ R satisfies the conditions of Definition 2.
• Trivially, ins(q) ⊆ ins(p). Indeed, since i is input-enabled, ins(q) ⊆ I =
ins(p).
a?
• Let a? ∈ ins(q) and assume that p −−
→ p0 for some p0 . Since a? ∈ ins(q),
a?
0
by definition there exists some q such that q −−
→ q 0 , so σa? ∈ traces(s).
0
0
Hence, p ∈ i after σa? and q ∈ s after σa?, that is, (p0 , q 0 ) ∈ R.

• Let b! ∈ O be such that p −−b!→ p0 , that is, b! ∈ outs(p) ⊆ Out(i after σ).
Now, since i ioco s and σ ∈ traces(s), we have that Out(i after σ) ⊆
Out(s after σ). Hence, b! ∈ Out(s after σ) and, since s is deterministic,
b! ∈ outs(q) so there exists some q 0 such that q −−b!→ q 0 . Summing up, we
have that σb! ∈ traces(s), p0 ∈ i after σb! and q 0 ∈ s after σb!, that is,
(p0 , q 0 ) ∈ R.
Remark 8. The construction of the relation R used in the proof of the above
proposition is akin to the definition of ‘coinductive ioco’ employed in the proof of
Theorem 3 in [36]. In fact, the use of such relations in the algorithmics of decorated trace semantics, such as ioco, as well as failure and testing equivalences,
can be traced at least as far back as [13].
6.1. The relation with a logic for ioco
In [7] Beohar and Mousavi introduced an explicit logical characterisation of
ioco. This characterisation uses a non-standard modal operator reminiscent of
our J·K, denoted by T·U1 . However, output actions can also be used as labels of
T·U. This modality can be extended to traces σ as follows: p |= TσUφ if, and
only if, p−−σ→ and p0 |= φ, for each p0 such that p −−σ→ p0 . (Note that, for the
particular case of input actions a?, the semantics of Ta?U coincides with that of
Ja?K.)
1 In fact, the symbol used to denote the operator T·U in [7] is h[·]i, but we prefer to use an
alternative notation in order to avoid confusion with our modal operator h| · |i.
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The explicit logical characterisation of ioco given in [7] is defined by means
of two different subclasses of logical formulae. The first subclass permits only
formulae of the form TσU[ b ]ff , where σ is a trace and b is an output action.
For the second subclass of formulae, Beohar and Mousavi consider the natural extension of the operator [ · ] to traces, defined as: p |= [ σ ]φ if, and only
if, p0 |= φ for each p0 such that p −−σ→ p0 . This second subclass permits only
formulae of the form [ σ ][ b ]ff , where σ is a trace and b is an output action.
The formulae in each of these two subclasses characterise one defining property of the ioco-relation. This intuition is made precise in the following lemma.
Lemma 18 ([7]). For each sequence of actions σ, output action b and process
p the following statements hold:
1. σ ∈ traces(p) and b ∈
/ Out(p after σ) iff p |= TσU[ b ]ff .
2. b ∈
/ Out(p after σ) iff p |= [ σ ][ b ]ff .
The resulting logical characterisation theorem by Beohar and Mousavi for
ioco is as follows.
Theorem 19 ([7]). i ioco s iff, for all σ ∈ L∗ , b ∈ O, if s |= TσU[ b ]ff , then
i |= [ σ ][ b ]ff .
Theorem 4 in this paper is the counterpart of the above result for iocos.
Note, however, that Theorem 19 is not a classic modal characterisation result
(as it is the case of, for example, Theorem 4) where if the implementation i is
correct with respect to the specification s and s satisfies a formula, then also
i satisfies it. Here the implementation does not need to satisfy the properties
that hold for the specification. By way of example, implementations need not
exhibit all the traces of a specification they correctly implement.
As we will now argue, the logics for ioco and iocos are incomparable in
terms of their expressive power. First of all, note that, if we consider only
input-enabled implementations, the formulae of the form [ σ ][ b ]ff , with σ a
trace, can be expressed in Leiocos since in an input-enabled scenario Ja?K has
the same semantics as [ a? ]. On the other hand, it is not possible to define a
formula φ ∈ Leiocos that captures Lemma 18(1). Indeed, by way of example,
x!
consider φ = Tx!U[ b! ]ff . Any specification s would have to satisfy φ iff s−−
→
x!
0
0
e
and s |= [ b! ]ff , for all s −−→ s . Now, assume that we have in Liocos a formula
ψ whose semantics coincides with that of Tx!U[ b! ]ff . Let
a!

s

a!

x!

i

It is easy to see that i iocos s, but s |= ψ and i 6|= ψ. In other words, ψ is a
formula that distinguishes processes related by iocos. Hence, such a formula ψ
cannot be expressed in any logic that characterises iocos.
On the other hand, let us consider the two processes of Example 3 and the
formula φ = Ja?K([ a! ]ff ∨ [ b! ]ff ) ∈ Leiocos . As we already stated in Example 3,
i ioco s, but s |= φ and i 6|= φ. Hence, φ can distinguish processes that are
ioco-related.
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Now, since iocos implies ioco [20], we can use Leνiocos (see Section 4) to express
distinguishing formulae whenever two processes are not ioco-related.
Proposition 20. If i ioco
/ s, then there exists a formula ψ ∈ Leνiocos such that
s |= ψ but i 6|= ψ.
Proof. Straightforward from the fact that i iocos s implies i ioco s, the logical
characterisations of Liocos in Theorem 2 and Leiocos in Theorem 4.
Remark 9. As we commented on Remark 6, a dual logic to Leνiocos is Lµiocos .
Therefore, analogously, if i ioco
/ s, then there exists a formula φ ∈ Lµiocos such
that i |= φ but s 6|= φ.
Proposition 20 can be applied, in particular, for χs , the characteristic formula
of s (Definition 13). Hence, if i ioco
/ s, we obtain that s |= χs and i 6|= χs .
That is, the characteristic formula of s can be used as a distinguishing formula.
This way we have an alternative, albeit incomplete, criterion for checking if
an implementation does not conform to a specification with respect to ioco:
(i) first, build χs , the characteristic formula for s; (ii) check if i |= χs (iocos
satisfaction); (iii) now, if i 6|= χs then, we have that i ioco
/ s.
7. Rule formats for iocos
In this section we focus on the study of structural properties of iocos, with
emphasis on its compositionality and on compositional proof systems for its
characterising logic Liocos . We start, in Section 7.1, by defining a precongruence
rule format for iocos. That rule format is shown to ensure compositionality with
respect to iocos for a subset of the operators defined using rules in the GSOS
format proposed by Bloom, Istrail and Meyer [11]. The rule format provides
a sufficient condition for compositionality; we show with counterexamples how
the rules we propose cannot be easily relaxed without jeopardizing the compositionality result for iocos.
Next, in Section 7.2, we use the logical characterisation of Section 3 and the
general modal decomposition methodology of Fokkink and van Glabbeek [17].
For the operators in the rule format of Section 7.1, we show how to check the
satisfaction of a logical formula in Liocos in a compositional way.
Finally, quiescent behaviour is an important issue in the theory of ioco/iocos.
In Section 7.3 we develop a rule format to ensure coherent quiescent behaviour
in the sense of Definition 1.
The restriction in this section to GSOS rules is partly justified by our wish to
have a purely syntactic rule format and by the undecidability results presented
in [28]. In what follows, we assume that the reader is familiar with the standard
notions of signature and terms over a signature.
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7.1. Congruence rule format
We recall that a deduction rule for an operator f of arity n in some signature
Σ is in the GSOS format if, and only if, it has the following form:
bik

aij

{xi −
−−−→ yij | 1 ≤ i ≤ n, 1 ≤ j ≤ mi } ∪ {xi −
−−−6→ | 1 ≤ i ≤ n, 1 ≤ k ≤ `i }
(2)

f (~x) −−a→ C[~x, ~y ]

where the xi ’s and the yij ’s (1 ≤ i ≤ n and 1 ≤ j ≤ mi ) are all distinct
variables, mi and `i are natural numbers, C[~x, ~y ] is a term over Σ with variables
including at most the xi ’s and yij ’s, and the aij ’s, bik ’s and a are actions from
L. The above rule is said to be f -defining and a-emitting. Its positive trigger
for variable xi is the set {aij | 1 ≤ j ≤ mi } and its negative trigger for variable
xi is the set {bik | 1 ≤ k ≤ `i }. The source in the conclusion of the rule is f (~x).
A GSOS language is a triple (Σ, L, D) where Σ is a finite signature, L is a
finite set of labels and D is a finite set of deduction rules in the GSOS format.
In what follows, we assume, without loss of generality, that all f -defining rules
have the same source of their conclusions.
A GSOS language naturally defines a set of transitions over the variable-free
terms over Σ by structural induction: for vectors of such terms p~ (with typical
entry pi ) and ~q (with entries qij ), there is a transition f (~
p) −−a→ C[~
p, ~q] if, and
only if, there is an f -defining rule of the form (2) such that
aij

• pi −
−−−→ qij for each 1 ≤ i ≤ n and 1 ≤ j ≤ mi and
bik

• pi −
−−−6→ for each 1 ≤ i ≤ n and 1 ≤ k ≤ `i .
Note that GSOS rules define operations over states in an arbitrary LTS with
inputs and outputs. In what follows, we apply derived operations built over the
signature of a GSOS language to states in the collection of LTSs with input and
output actions.
Definition 16. An operation f in a GSOS language is in iocos-format if the
collection of f -defining rules satisfies the following conditions:
1. Each a?-emitting rule, where a? is an input action, has only output actions as labels of negative premises and input actions as labels of positive
premises.
2. For each input action a? and each pair of rules r =
r0 =

H

0
a?

f (x1 ,...,xn )−
−→ t0

, there is a rule r00 =

H

00

H
a?

f (x1 ,...,xn )−
−→ t

a?

f (x1 ,...,xn )−
−→ t0

and

such that

(a) for each 1 ≤ i ≤ n, the positive trigger for variable xi in r00 is included
in the positive trigger for variable xi in r;
(b) for each 1 ≤ i ≤ n, the negative trigger for variable xi in r00 is
included in the negative trigger for variable xi in r;
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b?
b?
(c) if xi −−
→ z is contained in H 00 and z occurs in t0 , then xi −−
→ z is
0
also contained in H .

3. Each a!-emitting rule, where a! is an output action, has only input actions as labels of negative premises and output actions as labels of positive
premises.
A GSOS language is in iocos-format if so is each of its operations.
Next, we state the main result of this section.
Theorem 21. iocos is a precongruence for each GSOS language in iocos format.
Proof. The proof of this result may be found in Appendix A.
As an example of application of the above result, we show that the merge
operator from [6] can be expressed in our rule format.
Example 4. Merge, or conjunction, is a composition operator from the theory
of ioco. It acts as a logical conjunction of requirements, that is, it describes
systems
by a conjunction of sub-systems, or sub-specifications. We denote by
Vn
i=1 si the result of the merge of the states si , with 1 ≤ i ≤ n. In [6] it is noted
that, in general, the merge of two systems can lead to invalid states (for example
the merge of a quiescent state with another with some output). The solution is
to add a pruning algorithm after calculating the merge. Here we just show the
merge operator and not that pruning algorithm.
The merge operator can be formalised using the following GSOS rules (one
such rule for each a ∈ L):
{xi −−a→ yi | 1 ≤ i ≤ n}
.
n
n
^
^
a
xi −−→
yi
i=1

i=1

It is immediate to check that the above rules are in iocos-format. Therefore
the above theorem yields that the merge operator preserves iocos.
In the following examples, we discuss whether the rules specifying (variations
on) some classic process-algebraic operations and those considered in [43] meet
the constraints of our rule format.
Example 5 (Nondeterministic choice). The following rules describe the behaviour of the nondeterministic choice operation considered in [23, Figure 1],
which is a minor variation on the classic CCS choice [35]:
x1 −−a→ y1

x2 −−a→ y2

δ!
δ!
x1 −−
→ y1 , x2 −−
→ y2

x1 + x2 −−a→ y1

x1 + x2 −−a→ y2

δ!
x1 + x2 −−
→ y1 + y2
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,

where a ∈ L\{δ!}. (Note that the third rule above is an equivalent reformulation
of rule VII given in [23, Figure 1], which is not in GSOS format.)
These rules are not in iocos-format. To see this, consider the a?-emitting
rules for some input action a?, namely
r=

a?
x1 −−
→ y1
a?
x1 + x2 −−
→ y1

and

r0 =

a?
x2 −−
→ y2
a?
x1 + x2 −−
→ y2

.

Those rules do not satisfy condition 2 in Definition 16. Indeed, the only possible choice for rule r00 is r0 , which satisfies neither requirement 2a nor requirement 2c.
It turns out that nondeterministic choice does not preserve iocos and the
reader will find it easy to construct an example witnessing the fact that iocos
is not a precongruence with respect to + by considering processes that do not
satisfy the proviso of [23, Proposition 6.2].
Example 6 (Interleaving). The binary version of the merge operator from Example 4 is essentially the synchronous parallel composition of its arguments.
Another standard notion of parallel composition operator is one that interleaves
the computational steps of its arguments [26]. Ignoring quiescence, the following
rules describe the behaviour of the interleaving operator:
x1 −−a→ y1

x2 −−a→ y2

x1 | x2 −−a→ y1 | x2

x1 | x2 −−a→ x1 | y2

where a ∈ L \ {δ!}.
These rules are not in iocos-format. To see this, consider the a?-emitting
rules for some input action a?, namely
r=

a?
x1 −−
→ y1
a?
x1 | x2 −−
→ y1 | x2

and

r0 =

a?
x2 −−
→ y2
a?
x1 | x2 −−
→ x1 | y2

.

Those rules do not satisfy condition 2 in Definition 16. Indeed, the only possible choice for rule r00 is r0 , which satisfies neither requirement 2a nor requirement 2c.
Again, it turns out that the interleaving operation does not preserve iocos and
the reader will find it easy to construct an example witnessing the fact that iocos
is not a precongruence with respect to |. The same applies to the unrestricted
version of the parallel composition operator considered in [43, Definition 2.3] in
the setting of ioco. Note that the notion of parallel composition considered in
that reference is a partial operation, as it is only defined for arguments whose
sets of input actions and whose sets of output actions are disjoint.
Example 7 (Relabelling). In this example, we consider a variation on the CCS
relabelling operator [35] that is appropriate in the setting of labelled transition
systems with inputs and outputs. A relabelling is a function f : L → L that
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maps input actions to input actions, output actions to output actions and such
that f (δ!) = δ!. The relabelling operator _[f ] associated with a relabelling f is
specified using the following rules:
x −−a→ y

where a ∈ L.

f (a)

x[f ] −
−−−→ y[f ]
If f is injective over the set of input actions I, then the above rules are in iocos
format and Theorem 21 yields that the operator _[f ] preserves iocos.
On the other hand, assume that f (a?) = f (b?) = a? for two distinct input
actions a? and b?. Then, the collection of rules for _[f ] includes the rules
r=

a?
x −−
→y
a?
x[f ] −−
→ y[f ]

and

r0 =

b?
x −−
→y
a?
x[f ] −−
→ y[f ]

.

Those rules do not satisfy condition 2 in Definition 16. Indeed, choosing r0 as r00
violates requirement 2a and choosing r as r00 violates requirement 2c. Therefore
the rules for _[f ] are not in iocos-format. The reader will have no trouble in
constructing an example witnessing the fact that, for such a relabelling f , the
operator _[f ] does not preserve iocos.
Example 8 (Restriction). The restriction operator _ \ A, where A is included
in L \ {δ!}, is specified using the following rules:
x −−a→ y
x \ A −−a→ y \ A

where a 6∈ A.

It is easy to see that the above rules are in iocos-format and Theorem 21 yields
that the restriction operator _ \ A preserves iocos.
The main lesson one can draw from the examples we have presented is that,
similarly to ioco, the iocos relation is not algebraically well behaved. Indeed, a
variety of operators only preserve iocos if one makes some assumptions on the
sets of input and output actions of their arguments.
The operational specification of the hiding operator hide V in _, where
V ⊆ O, presented in [43, Definition 2.3] requires an extension of the theory of
iocos with the internal action τ 6∈ L. We briefly discuss how this extension can
be carried out and how to extend the iocos-format to cover the hiding operator
in Section 8.
7.1.1. The rule format cannot be relaxed easily
Here we present some examples showing that the restrictions of the rule
format from Definition 16 cannot be relaxed easily.
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Example 9. This example indicates that the use of input actions in negative
premises of input-emitting rules would invalidate Theorem 21. Let f be defined
by the following rules:
a?

x−
−−−6→
δ!
f (x) −−
→ f (x)

a?
f (x) −−
→ f (x)

,

where a? ∈ I. Now, let us consider the following processes from Example 1:
δ!

i

s

a?

δ!

As remarked in Example 1, i iocos s. On the other hand, f (i) iocos
/ f (s)
because a? ∈ ins(f (s)) but a? ∈
/ ins(f (i)).
Example 10. This example indicates that the use of output actions in positive
premises of input-emitting rules would invalidate Theorem 21. Let f be defined
by the following rules:
x −−b!→ y
δ!
f (x) −−
→ f (x)

a?
f (x) −−
→ f (x)

,

where b! ∈ O. Now, let us consider the following processes:
p
q
c!
b!
c!
where c! ∈ O. We have that p iocos q but f (p) iocos
/ f (q). Indeed, a? ∈ ins(f (q))
but a? ∈
/ ins(f (p)).
Example 11. This example indicates that not meeting requirement 2a in Definition 16 would invalidate Theorem 21. Let f be defined by the following rules:
a?
x −−
→y
δ!
f (x) −−
→ f (x)

δ!
0 −−
→0

a?
f (x) −−
→0

a?
f (x) −−
→ f (x)

.

where a? ∈ I. The above set of rules does not meet requirement 2a in Definition 16. To see this, take
a?
f (x) −−
→ f (x)

as rule r and
a?
x −−
→y
a?
f (x) −−
→0

as rule r0 . Note that the only possible choice for rule r00 is r0 itself. However,
with this choice, the positive trigger for variable x in r00 is {a?}, which is not
included in the positive trigger for variable x in r, which is the empty set.
Now, let us consider again the two processes of Example 9:
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δ!

i

s

a?

δ!

We know that i iocos s. On the other hand, we claim that f (i) iocos
/ f (s).
a?
Indeed, f (i) −−
→ 0 and the only way that f (s) can match an a?-transition is
a?
by f (s) −−
→ f (s). Since 0 iocos
/ f (s) (because a? ∈
/ ins(0)), this implies that
f (i) iocos
/ f (s).
Note that requirements 2b and 2c in Definition 16 are instead met by taking
r0 = r00 .
Example 12. This example indicates that not meeting requirement 2b in Definition 16 would invalidate Theorem 21. Let f be defined by the following rules:
b!

x−−6→
δ!
f (x) −−
→ f (x)

δ!
0 −−
→0

a?
f (x) −−
→0

a?
f (x) −−
→ f (x)

,

where a? ∈ I and b! ∈ O. The above set of rules does not meet requirement 2b
in Definition 16. To see this, take
a?
f (x) −−
→ f (x)

as rule r and
b!

x−−6→
a?
f (x) −−
→0

as rule r0 . Note that the only possible choice for rule r00 is r0 itself. However,
with this choice, the negative trigger for variable x in r00 is {b!}, which is not
included in the negative trigger for variable x in r, which is the empty set.
Now, let us consider the following processes:
p
q
c!
a?
b!
c!
a?
where c! ∈ O. Again, p iocos q, but f (p) iocos
/ f (q). Indeed, f (p) −−
→ 0 and the
a?
only way f (q) can match an a?-transition is by f (q) −−
→ f (q). However, as in
the previous case, 0 iocos
/ f (q).
Note that requirements 2a and 2c in Definition 16 are instead met by taking
r0 = r00 .

Example 13. This example indicates that not meeting requirement 2c in Definition 16 would invalidate Theorem 21. Let f be defined by the following rules:

δ!
f (x) −−
→ f (x)

a?
x −−
→y

b?
x −−
→y

a?
x −−
→y

a?
f (x) −−
→y

a?
f (x) −−
→y

a?
f (x) −−
→ f (x)

,

where a?, b? ∈ I. The above set of rules does not meet requirement 2c in Definition 16. To see this, take
a?
x −−
→y
a?
f (x) −−
→ f (x)
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as rule r and
b?
x −−
→y
a?
f (x) −−
→y

as rule r0 . Note that the only possible choice for rule r00 meeting requirement 2a
and having y as target of its conclusion is
a?
x −−
→y
a?
f (x) −−
→y

.

a?
However, with this choice, the positive premise x −−
→ y of r00 is not a positive
0
premise of r .
Now, let us consider the following two processes p and q:

p

a?,δ!

b?

0

δ!

q

a?,δ!

It is easy to see that p iocos q. However, f (p) iocos
/ f (q). To see this, observe
a?
that f (q) can perform the input action a? and f (p) −−
→ 0 by rule r0 . The only
a?
two possible matching transitions from f (q) are f (q) −−
→ f (q) (using rule r)
a?
00
and f (q) −−→ q (using rule r ). Since 0 iocos
/ f (q) and 0 iocos
/ q (because
a? ∈
/ ins(0)), this implies that f (p) iocos
/ f (q).
Example 14. This example indicates that the use of output actions in negative
premises of output-emitting rules would invalidate Theorem 21. Let f be defined
by the following rules:
a!

a!
x −−
→y

x−−6→

δ!
f (x) −−
→ f (x)

a!
f (x) −−
→ f (x)

,

where a! ∈ O. Now, let us consider the following processes:
p
q
b!
b!
a!
a!
where b! ∈ O. Again, p iocos q but f (p) iocos
/ f (q), because f (p) −−
→ f (p) but
a!

f (q)−−6→ .
Example 15. This example indicates that the use of input actions in positive
premises of output-emitting rules would invalidate Theorem 21. Let f be defined
by the following rules:
x−−6→

b?

b?
x −−
→y

δ!
f (x) −−
→ f (x)

a!
f (x) −−
→ f (x)

,

where a! ∈ O and b? ∈ I. Now, let us consider the following processes:
p
q
δ!
b?
δ!
a!

a!
Again, p iocos q but f (p) iocos
/ f (q), because f (p) −−
→ f (p) but f (q)−−6→ .
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7.2. Applying modal decomposition
Assume that we want to know whether f (p1 , . . . , pn ) |= ϕ, with f specified by rules in iocos-format and ϕ ∈ Liocos . One could construct the LTS
for f (p1 , . . . , pn ) from those for p1 , . . . , pn and then use the rules defining the
satisfaction relation |= to check whether f (p1 , . . . , pn ) satisfies ϕ. However, as
is well known, this approach suffers from the so-called state-explosion problem. Alternatively, one can apply a compositional approach: to check whether
f (p1 , . . . , pn ) |= ϕ, one first constructs, from ϕ and the rules defining the operation f , a collection of properties ϕ1 , . . . , ϕn such that f (p1 , . . . , pn ) |= ϕ if, and
only if, pi |= ϕi for i ∈ {1, . . . , n}; after that, one checks whether each statement pi |= ϕi holds. (Even though compositional model checking suffers from
the ‘formula-explosion problem’ in the worst case and is therefore no panacea
in general, variations on that approach have been applied successfully in the
literature—see, for instance, [5, 29].)
Here we follow this compositional approach by applying the so-called modal
decomposition method of [10, 17]. In those papers, ruloids play an important
role. For a GSOS languages, a ruloid
bik

aij

{xi −
−−−→ yij | 1 ≤ i ≤ n, 1 ≤ j ≤ mi } ∪ {xi −
−−−6→ | 1 ≤ i ≤ n, 1 ≤ k ≤ `i }
D[~x] −−a→ C[~x, ~y ]

(3)

where the xi ’s and the yij ’s (1 ≤ i ≤ n and 1 ≤ j ≤ mi ) are all distinct variables,
mi and li are natural numbers, D[~x] is a term with variables including at most
the xi ’s, C[~x, ~y ] is a term with variables including at most the xi ’s and yij ’s,
and the aij ’s, bik ’s and a are actions from L.
In what follows, we will limit ourselves to considering only operations in
iocos-format specified by rules whose target is either a variable or a term of the
form g(z1 , . . . , zn ), and the metavariables t and u will range over terms of those
forms. The extension of our results to arbitrary rules in iocos-format can be
carried out along the lines in [10, 17].
In the light of our simplified setting, iocos rules, i.e., GSOS rules in iocosformat, play the role of ruloids in [10, 17]; the only other ruloids we need are
those for variables, viz.
x −−a→ x0
x −−a→ x0

a ∈ L.

In what follows, we often refer to ruloids as rules.
A crucial result from [9, 11] is that a transition σ(t) −−a→ p0 is provable in
a GSOS language if, and only if, there exist a substitution σ 0 and a GSOS
ruloid H/t −−a→ u such that σ 0 satisfies all premises in H (denoted by σ 0 |= H),
σ 0 (t) = σ(t) and σ 0 (u) = p0 .
Before defining the modal decomposition for Liocos in general, let us describe
how to define it for the modal operator h|a?|i, with a? ∈ I. First, recall that
a?

a?
p |= h|a?|iϕ iff either p−
−−−6→ or there exists some p0 such that p −−
→ p0 with
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p0 |= ϕ. Hence, the modal decomposition must consider both cases: when is
possible to apply a rule that gives rise to an a?-transition, and when it is not.
This first case is dealt with following the definition of the decomposition of
formulae in HML given in [17]. For the second case, we first define the following
auxiliary notations and concepts.
Definition 17. Let P be a GSOS language, t a term, and a? ∈ I an input
action. We write R(t, a?) for the set of rules for t that emit a?. That is,
a?
R(t, a?) = {r ∈ P | ∃H, u. r = H/t −−
→ u}.

We write Hr for the set of premises of rule r ∈ R(t, a?). Given a premise
γ ∈ Hr and a variable x, we define the formula neg(γ, x) ∈ Liocos in the following
way:
b!

• neg(x−−6→ , x) = hb!itt, with b! ∈ O.
b?
• neg(x −−
→ x0 , x) = h|b?|iff , with b? ∈ I.
b!

b?
• neg(y −−6→ , x) = neg(y −−
→ y 0 , x) = tt, with y 6= x.

Finally, we write χ(t, a?) for the set of all the functions that pick a premise in
Hr for each r ∈ R(t, a?)—that is,
χ(t, a?) = {η | η : R(t, a?) →
−

[

Hr , such that η(r) ∈ Hr , ∀r ∈ R(t, a?)}.

r∈R(t,a?)

Remark 10. Intuitively, neg(γ, x) gives us a iocos formula that captures that the
b!

b!

premise γ is not satisfied. For example, if γ = x−−6→ , then neg(x−−6→ , x) = hb!itt
and given a closed substitution σ, if σ(x) |= hb!itt, then σ(x) does not satisfy
the premise γ.
The following example illustrates the discussion in Remark 10.
Example 16. Let us consider t = f (x, y), with rules
a!

r1

x−−6→

r2

a?
f (x, y) −−
→x

a?
x −−
→ x0

b?
y −−
→ y0

a?
f (x, y) −−
→ x0
a?

.

We want to characterise when σ(f (x, y))−
−−−6→ , for each closed substitution
σ. In order to do so, first let us define χ(f (x, y), a?). Since there are two
premises in Hr2 , χ(f (x, y), a?) = {η1 , η2 }, where:
a!

η1

a?
= {r1 7→ x−−6→ , r2 7→ x −−
→ x0 } ,

η2

b?
= {r1 7→ x−−6→ , r2 7→ y −−
→ y0 } .

a!
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V
Now, let us define ψηi (z) = r∈R(t,a?) neg(ηi (r), z), for z ∈ {x, y}. That is,
working up to logical equivalence,
ψη1 (x) =
ψη2 (x) =

ha!itt ∧ h|a?|iff ,
ha!itt ,

ψη1 (y) =
tt ,
ψη2 (y) = h|b?|iff .

We observe that if σ(x) |= ψηi (x) and σ(y) |= ψηi (y) for some i ∈ {1, 2},
a?

then σ(f (x, y))−
−−−6→ , and that the converse implication also holds. (See Proposition 26 in Appendix B for the formal result.)
We are now ready to define modal decomposition à la Fokkink and van
Glabbeek for the logic Liocos . We will give the definition for an alternative syntax
of the logic Liocos where, as noted in Definition 3, we use finitary conjunctions
and disjunctions, and follow the convention that an empty conjunction stands
for tt and an empty disjunction stands for ff .
Definition 18 (Modal decomposition). The decomposition function
·−1 : T(Σ) → (Liocos → P(Var → Liocos ))
is defined in the following way:
−1
−1
• ψ ∈ t−1 (h|a?|iϕ) iff ψ ∈ t−1
χ (h|a?|iϕ) ∪ tR (h|a?|iϕ) where tχ (h|a?|iϕ) and
−1
tR (h|a?|iϕ) are defined as follows:

– ψ ∈ t−1
χ (h|a?|iϕ) iff exists a function η ∈ χ(t, a?) such that ψ = ψη ,
where for each x ∈ Var,
^
ψη (x) =
neg(η(r), x).
r∈R(t,a?)
a?
– ψ ∈ t−1
−
→ t0 ∈ R(t, a?) and a
R (h|a?|iϕ) iff there are a rule r = H/t −
0
−1
decomposition mapping ψ ∈ u (ϕ) such that, for each x ∈ Var,
 V
h|b?|iψ 0 (y) ∧ ψ 0 (x) if x ∈ var(u)
b?

→ y∈H
 x−−
V y∈var(u)
ψ(x) =
if x ∈
/ var(u)
h|b?|iψ 0 (y)

b?
 x−−
→ y∈H
y∈var(u)

a!
• ψ ∈ t−1 (ha!iϕ) iff there exist some rule H/t −−
→ u and some decomposition
0
−1
mapping ψ ∈ u (ϕ) such that, for each x ∈ Var,
V
 V
hb!iψ 0 (y) ∧
h|c?|iff ∧ ψ 0 (x) if x ∈ var(u)
c?

 x−−b!→ y∈H
x−
−6→ ∈H
V y∈var(u)
V
ψ(x) =
0
h|c?|iff
if x ∈
/ var(u)

c?
 x−−b!→ y∈H hb!iψ (y) ∧ x−−
6→ ∈H
y∈var(u)

• ψ ∈ t−1 (

W

i∈I

ϕi ) iff ψ ∈

S

i∈I

t−1 (ϕi ) (where I is a finite index set).
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V
• ψ ∈ t−1 ( i∈I ϕi V
) iff there are ψi ∈ t−1 (ϕi ) for i ∈ I, such that for all
x ∈ Var, ψ(x) = i∈I ψi (x), where I is finite.
Remark 11. The only positive premises that are considered when defining ψ(x)
b?
are those for which x −−
→ y with y ∈ var(u). Indeed, by the definition of GSOS
b?
rules, since all the variables are distinct, if x −−
→ y ∈ H, ψ(y) = tt if y ∈
/ var(u).
Also, since h|a?|itt ≡ tt, the last sentence means that the only positive premises
b?
x −−
→ y that give a non-trivial ψ(y) are those such that y ∈ var(u).
W
Remark 12. Notice that t−1 (ff ) = ∅V(case i∈I ϕi for I = ∅) and t−1 (tt) =
{ψ}, where ψ(x) = tt for all x (case i∈I ϕi for I = ∅).
Our reader may wonder why the definition of ψ ∈ t−1
R (h|a?|iϕ) is sufficient to
ensure that σ(t) |= h|a?|iϕ whenever σ(x) |= ψ(x) for all x ∈ var(t). Indeed, the
definition in question does not explicitly require that σ(x) satisfy the negative
premises in Hr . (Observe that this cannot be done because there is no formula
in Liocos that is satisfied by all the processes that cannot perform a b!-transition,
for some output action b!.) However, as the proof of Theorem 22 will make clear
(see Appendix B), since the rules are in iocos format, it isn’t necessary to express
the negative premises in the definition of ψ ∈ t−1
R (h|a?|iϕ). In fact, if σ does not
satisfy any of the mappings ψ 0 ∈ t−1
χ (h|a?|iϕ), then σ satisfies all the premises
of at least one rule r in R(t, a?) and some mapping ψ associated to that rule
contains all the information that is needed to determine whether σ(t) |= h|a?|iϕ.
All this is formalised in Theorem 22, but first we will show some examples
of the use of the modal decomposition.
Example 17. Let us consider the following rules in the iocos-format (omitting
the rules for the quiescence action):

r1

r2

g(y) −−b!→ g(y)

a?
x −−
→y

b!

x−−6→

a?
f (x) −−
→ g(y)

,

where a? ∈ I and b! ∈ O. Let us calculate f (x)−1 (h|a?|ihb!itt). First, we have
that R(f (x), a?) = {r2 } and, since Hr2 has two premises, there are two funcb!

a?
tions χ(t, a?), namely η1 (r2 ) = x −−
→ y and η2 (r2 ) = x−−6→ . Second, trivially,
−1
g(y) (hb!itt) = {φ}, where φ(x) = tt for all x.
−1
Now, let us write both f (x)−1
χ (h|a?|ihb!itt) and f (x)R (h|a?|ihb!itt).

• ψη1 , ψη2 ∈ f (x)−1
χ (h|a?|ihb!itt), where ψη1 (x) = h|a?|iff , ψη2 (x) = hb!itt
and ψη1 (z) = ψη2 (z) = tt for all z 6= x.
• ψ ∈ f (x)−1
R (h|a?|ihb!itt) iff ψ(x) = h|a?|itt ≡ tt and ψ(z) = tt for all
z 6= x.
This means that any process p is such that f (p) |= h|a?|ihb!itt. Indeed, let us
b!

a?
a?
assume that p−−
→ and p−−6→ , in this case f (p) −−
→ σ(g(y)) and we are done. On
a?

a?

the other hand, if either p−
−−−6→ or p−−b!→ , then f (p)−
−−−6→ and therefore f (p)
trivially satisfies the formula.
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Theorem 22. Let P be a GSOS language in iocos-format. For each term t,
formula ϕ and closed substitution σ, we have σ(t) |= ϕ iff there exists ψ ∈ t−1 (ϕ)
such that σ(x) |= ψ(x), for all x ∈ var(t).
Proof. The proof of this result can be found in Appendix B.
The next counter-example illustrates why the iocos-format is needed in Theorem 22.
Example 18. Let f be defined by the following rules, which are not in iocosformat and are taken from Example 11 on page 27:
r1

a?
x −−
→y

r2

a?
→0
f (x) −−

a?
→ f (x)
f (x) −−

.

Applying the modal decomposition method to obtain f (x)−1 (h|a?|ih|a?|iff ), it is
not hard to see that ψr1 ∈ f (x)−1
R (h|a?|ih|a?|iff ), where ψr1 (x) = tt. The process
δ!
s, with s −−
→ s, satisfies tt = ψr1 (x). On the other hand, f (s) 6|= h|a?|ih|a?|iff ,
which means that the decomposition method is incorrect for this operation.
The rules for f do not meet clause 2a in Definition 16 because a? belongs
to the positive trigger for x in r1 but not to that for x in r2 . This clause is
essential in the proof of the “if implication” in Theorem 22.
7.3. A rule format for coherent quiescent behaviour
Operators for constructing LTSs with inputs and outputs should ensure ‘coherent quiescent behaviour’ in the sense of Definition 1. This means that each
operator f , when applied to a vector of states p~ in an LTS, should satisfy the
following property:
a!

δ!
f (~
p) −−
→ p0 iff p0 = f (~
p) and, for each a! ∈ O \ {δ!}, f (~
p) −−6→ .

(4)

In what follows, we will isolate sufficient conditions on the GSOS rules defining
f that guarantee the above-mentioned property.
Definition 19. We say that the following sets of formulae contradict each other:
a

• {x −−a→ y} and {x−−6→ } for a ∈ L,
δ!
• {x −−b!→ y} and {x −−
→ z} for b! ∈ O \ {δ!}, and
b!

• H and H 0 when H and H 0 are non-empty and H ∪ H 0 = {x−−6→ | b! ∈ O}.
a

Formulae x −−a→ y and x−−6→ are said to negate each other.
We say that two sets of formulae H1 and H2 are contradictory if there are
H10 ⊆ H1 and H20 ⊆ H2 such that H10 and H20 contradict each other.
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Intuitively, two sets of contradictory formulae cannot be both satisfied by
states in an LTS. For example, in the light of the requirement on quiescent
b!
behaviour in Definition 1, there is no state p in an LTS such that p−−6→ for each
b! ∈ O. This observation motivates the third requirement in Definition 19.
Definition 20. We say that an operation f is quiescent consistent if the set of
rules for f satisfies the following two constraints:
δ!
[δ1 ] If H/f (~x) −−
→ t is a rule for f then

1. for each f -defining rule H 0 /f (~x) −−b!→ t0 with b! ∈ O \ {δ!}, the sets H
and H 0 are contradictory, and
2. t = f (~y ) for some vector of variables ~y such that, for each index i,
δ!
either yi = xi or xi −−
→ yi ∈ H.
[δ2 ] Let {r1 , . . . rn } be the set of output-emitting rules for f not having δ! as
label of their conclusions.
Then the set of rules for f contains all rules of the form
{l1 , . . . , ln }
δ!
f (~x) −−
→ f (~x)

,

where li negates some premise of ri and no two sets of formulae included
in {l1 , . . . ln } contradict each other.
A GSOS language is quiescent consistent if so is each operation in it.
Theorem 23. If f is quiescent consistent then Property (4) holds for f .
Proof. The proof of this result may be found in Appendix C.
We end the section showing a negative result for the (binary) merge operator
of Example 4. In that example, we mentioned that, as noted in [6], the merge
of two systems need not satisfy Property (4). Here we prove that there is no
extension of the δ!-emitting rules for the merge operator with rules in iocosformat that leads to an operation affording Property (4). The interested reader
can find examples of operators that are both quiescent and iocos conforming in
the paper [23].
Proposition 24. There is no extension of the rules for the (binary) merge
operator with a collection of δ!-emitting rules in iocos-format that guarantees
consistent quiescent behaviour.
Proof. Our goal is to add δ!-emitting rules in iocos-format to those for the merge
operator so that, for all p, q
a!

δ!
p ∧ q −−
→ r ⇔ r = p ∧ q and p ∧ q −−6→ ∀a! ∈ O \ {δ!} .
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(5)

We will show that this is impossible. Let us recall the output emitting rules
for the binary merge operator:
ra!

a!
x −−
→ x0

a!
y −−
→ y0

a!
x ∧ y −−
→ x0 ∧ y 0

a! ∈ O.

δ!
In particular, rδ ensures that p ∧ q −−
→ p ∧ q for all quiescent p and q.
Now, assume that there is a set of δ!-emitting rules R in iocos-format such
a!
that R ∪ {ra! | a! ∈ O} ensures Property (5). Let us consider a! −−
→ 0 and
c!

b! −−b!→ 0, with a 6= b. Since a! ∧ b!−−6→ for each c! ∈ O \ {δ!} there are some rule
δ!
r = H/x ∧ y −−
→ t and closed substitution σ such that: (i) σ(x) = a!, σ(y) = b!;
(ii) σ |= H; and (iii) σ(t) = a! ∧ b!.
Since r is in iocos-format and σ |= H, its positive premises can only have the
a!
form x −−
→ x0 for some x0 and y −−b!→ y 0 for some y 0 . The negative premises of
c?
c?
a!
H, if any, have the form x−−6→ or y −−6→ for some c? ∈ I. Moreover, as a! −−
→ 0,
b! −−b!→ 0 and σ(t) = a! ∧ b!, none of the variables x0 and y 0 can occur in t. So t
can only have the form x ∧ y, a! ∧ y, x ∧ b! or a! ∧ b!. We claim that it must be
x ∧ y. Indeed, assume, by way of example, that t = a! ∧ y. Consider now the
a!
substitution σ 0 (x) = a!+b! and σ 0 (y) = b!, where a!+b! −−
→ 0 and a!+b! −−b!→ 0. It
δ!
is straightforward to check that σ 0 |= H. Hence, r yields (a! + b!) ∧ b! −−
→ a! ∧ b!,
which contradicts Property (5). Similar examples can be constructed if t = x∧b!
and t = a! ∧ b!.
δ!
Thus, we have r = H/x ∧ y −−
→ x ∧ y. Consider now the substitution ρ
such that ρ(x) = ρ(y) = a! + b! and ρ(z) = 0 for z ∈
/ {x, y}. This substitution
satisfies all the positive premises in H and, since all the negative premises in H
c?
are of the form y −−6→ for some c? ∈ I, ρ also satisfies those. Hence ρ |= H, and
δ!
ρ together with r proves (a! + b!) ∧ (a! + b!) −−
→ (a! + b!) ∧ (a! + b!).
a!
On the other hand, using ra , we also have that (a! + b!) ∧ (a! + b!) −−
→ 0 ∧ 0,
which contradicts Property (5).
It follows that no extension of the rules for the (binary) merge operator with
δ!-emitting rules in iocos-format satisfies Property (5).
8. Conclusion
In this paper, we have further developed the theory of iocos [20, 21, 22] by
studying logical characterisations of this relation and its compositionality. We
have also compared the proposed logical characterisation of iocos with an existing logical characterisation for ioco proposed by Beohar and Mousavi. The
article also offers a precongruence rule format for iocos and a rule format ensuring that operations take quiescence properly into account. Both rule formats
are based on the GSOS format by Bloom, Istrail and Meyer.
We have provided a connection between the precongruence rule format for
iocos and logical characterisations for that relation by establishing a modal
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decomposition result, which yields a compositional model-checking procedure
for the studied logic with respect to systems described using operations in iocosformat. We have also studied fixed-point extensions of the logics introduced in
this paper and offered a characteristic-formula construction for processes modulo
iocos.
In future research, it would be interesting to study whether the precongruence rule format we provide in this paper can be made more general and whether
it can be derived from a modal decomposition result in the style of Fokkink and
van Glabbeek. Our modal decomposition result relies heavily on properties of
the iocos format; we believe therefore that generalizing the precongruence rule
format might be difficult.
In this paper, we have considered the theory of iocos as presented in [20,
21, 22, 23]. That theory does not consider the internal action τ , which is the
source of many of the complications in the classic ioco testing theory. Extending
the theory of iocos to a setting with the internal action τ is an interesting
avenue for future research. As a first step, one could develop a version of iocos
with the action τ 6∈ L, but without abstracting from internal steps in system
executions. This can be done by requiring that condition 3 in the definition of
an iocos-relation (Definition 2) hold also with respect to τ -transitions—that is,
that internal transitions performed by implementations should be matched by
specifications as in the classic simulation preorder [34]. In this framework, we
could replay the theory developed in this paper. By way of example, the rule
format given in Definition 16 can be extended to the resulting version of iocos
by requiring that τ -emitting rules have only input actions as labels of negative
premises and output actions as labels of positive premises. The resulting rule
format would be powerful enough to express the hiding operation considered
in [43]. Of course, the ultimate goal of extending iocos with internal actions
would be to develop a theory that abstracts from τ like ioco and that has some
of the pleasing properties of that classic notion of conformance, including a
test generation procedure. We consider the study of such a theory and of its
potential applications a worthy research goal for the future.
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Appendix A. Proof of Theorem 21
Remark 13. All the substitutions we consider from now on map variables either
to variable-free terms or to states in some LTS.
Let S be the least binary relation that includes iocos and such that: if
pi S qi , for each 1 ≤ i ≤ n, and f is an n-ary operation in iocos-format then
f (p1 , . . . , pn ) S f (q1 , . . . , qn ).
The following property of S will be useful in what follows.
Lemma 25. Let t be a term. Assume that σ and ρ are two substitutions such
that σ(x) S ρ(x) for each variable x occurring in t. Then σ(t) S ρ(t).
Proof of Theorem 21. We show that S is an iocos simulation by induction
on the definition of S. This is clear if p S q because p iocos q. Assume therefore
that
p = f (p1 , . . . , pn ) S f (q1 , . . . , qn ) = q
because pi S qi for each 1 ≤ i ≤ n. We proceed to prove that each of the defining
conditions for iocos relations holds for p and q. In doing so, we shall use, as our
inductive hypothesis, the fact that those conditions hold for pi S qi (1 ≤ i ≤ n).
In particular, we have that ins(qi ) ⊆ ins(pi ) (1 ≤ i ≤ n).
• We prove, first of all, that the set of initial input actions of q is included
in the set of initial input actions of p. To this end, assume that a? is
a?
an input action and q = f (q1 , . . . , qn ) −−
→ . We shall prove that p =
a?
f (p1 , . . . , pn ) −−→ also holds.
a?
Since q −−
→ , there are a rule r of the form (2) on page 23 and substitution
σ such that

– σ(xi ) = qi for each 1 ≤ i ≤ n,
aij

– qi −
−−−→ σ(yij ) for each 1 ≤ i ≤ n and 1 ≤ j ≤ mi and
bik

– qi −
−−−6→ for each 1 ≤ i ≤ n and 1 ≤ k ≤ `i .
As a? is an input action, by requirement 1 in Definition 16, we have that
each aij is an input action and each bik is an output action. Since pi S qi
(1 ≤ i ≤ n), by the inductive hypothesis, we therefore have that:
– for each 1 ≤ i ≤ n and 1 ≤ j ≤ mi , as aij ∈ ins(qi ) ⊆ ins(pi ), there is
aij
some state pij such that pi −
−−−→ pij and
bik

– pi −
−−−6→ , for each 1 ≤ i ≤ n and 1 ≤ k ≤ `i .
a?
Therefore rule r can be used to infer that p −−
→ , and we are done.
a?
• Assume now that p = f (p1 , . . . , pn ) −−
→ p0 and a? is an initial input action
of q = f (q1 , . . . , qn ). As a? is an initial input action of q = f (q1 , . . . , qn ),
H
of the form (2) on page 23 and a
there are a rule r =
a?
f (x1 ,...,xn )−
−
→t
substitution σ such that
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– σ(xi ) = qi for each 1 ≤ i ≤ n, and
– σ satisfies all the premises in H.
Moreover, there are a rule r0 =
0

H0
a?

f (x1 ,...,xn )−
−→ t0

of the form (2) on page 23

and a substitution σ such that
– σ 0 (xi ) = pi for each 1 ≤ i ≤ n,
– σ 0 satisfies all the premises in H 0 , and
– σ 0 (t0 ) = p0 .
a?
Our goal is to prove that q = f (q1 , . . . , qn ) −−
→ q 0 for some q 0 such that
p0 S q 0 . To this end, observe, first of all, that requirement 2 in Definition 16
H 00
such that
tells us that there is an f -defining rule r00 =
a?
f (x1 ,...,xn )−
−
→ t0

– for each 1 ≤ i ≤ n, the positive trigger for variable xi in r00 is included
in the positive trigger for variable xi in r;
– for each 1 ≤ i ≤ n, the negative trigger for variable xi in r00 is
included in the negative trigger for variable xi in r;
b?
b?
– if xi −−
→ z is contained in H 00 and z occurs in t0 , then xi −−
→ z is also
0
contained in H .

To complete the proof for this case, we will now show how to use the rule
a?
r00 to prove the required transition q = f (q1 , . . . , qn ) −−
→ q 0 . To this end,
we will construct a substitution ρ with the following properties:
1. ρ(xi ) = qi for each 1 ≤ i ≤ n,
2. σ 0 (z) S ρ(z) for each variable z occurring in t0 and
3. ρ satisfies all the premises in H 00 .
The first condition above gives us that ρ(f (x1 , . . . , xn )) = q. The second
yields that p0 = σ 0 (t0 ) S ρ(t0 ) by Lemma 25. From the third, we obtain
that
a?
q = f (q1 , . . . , qn ) −−
→ ρ(t0 ).
Therefore, the substitution ρ and the rule r00 prove the existence of the
a?
required transition q = f (q1 , . . . , qn ) −−
→ ρ(t0 ) = q 0 with p0 S q 0 .
To meet the first condition above, we start by setting ρ(xi ) = qi for each
1 ≤ i ≤ n. Note, next, that, since the negative trigger for variable xi in
r00 is included in the negative trigger for variable xi in r (1 ≤ i ≤ n), and
σ satisfies H, any substitution ρ such that ρ(xi ) = qi (1 ≤ i ≤ n) meets
all the negative premises in H 00 . Our aim now is to extend the definition
of ρ to all the other variables occurring in rule r00 in such a way that the
other two above-mentioned requirements are met. To this end, consider
b?
a positive premise xi −−
→ z ∈ H 00 . We know that the positive trigger
00
for variable xi in r is included in the positive trigger for variable xi in
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b?
r. Therefore H contains a positive premise xi −−
→ w for some variable
b?
w. As σ satisfies H, we have that σ(xi ) = qi −−
→ σ(w) and therefore
0
b? ∈ ins(qi ). If z does not occur in t , setting ρ(z) = σ(w) will satisfy the
b?
premise xi −−
→ z ∈ H 00 . Assume now that z does occur in t0 . In this case,
by requirement 2c in the definition of the rule format (Definition 16), we
b?
know that xi −−
→ z is also contained in H 0 . Since σ 0 satisfies H 0 , we have
that
b?
σ 0 (xi ) = pi −−
→ σ 0 (z).
b?
As pi S qi , b? ∈ ins(qi ) and σ 0 (xi ) = pi −−
→ σ 0 (z), the inductive hypothesis
yields that
b?
ρ(xi ) = qi −−
→ qi0 for some qi0 such that σ 0 (z) S qi0 .

We can therefore set ρ(z) = qi0 in order to keep meeting the last two
requirements on ρ.
Continuing in this fashion until we have exhausted all the positive premises
in H 00 completes the proof for this case.
a!
• Assume that p = f (p1 , . . . , pn ) −−
→ p0 for some output action a! and state
0
p . Then there are a rule r of the form (2) on page 23 and a substitution
σ such that

– σ(xi ) = pi for each 1 ≤ i ≤ n,
aij

– pi −
−−−→ σ(yij ) for each 1 ≤ i ≤ n and 1 ≤ j ≤ mi ,
bik

– pi −
−−−6→ for each 1 ≤ i ≤ n and 1 ≤ k ≤ `i , and
– σ(C[~x, ~y ]) = p0 .
a!
Our goal is to use rule r to prove that q = f (q1 , . . . , qn ) −−
→ q 0 for some
0
0
0
q such that p S q .

Since a! is an output action, condition 3 in Definition 16 tell us that
each aij is an output action, and each bik is an input action. As each
aij !

aij is an output action, pi −
−−−→ σ(yij ) and pi S qi (1 ≤ i ≤ n), the
inductive hypothesis yields that for each i and j there is some qij such
aij !

that qi −
−−−→ qij and σ(yij ) S qij . Note, moreover, that the qi ’s satisfy the
bik

negative premises of rule r. Indeed, pi −
−−−6→ (1 ≤ i ≤ n and 1 ≤ k ≤ `i )
and, as pi S qi (1 ≤ i ≤ n), the inductive hypothesis gives us that the set
of input actions of each qi is included in that of pi . Therefore, we have
that rule r instantiated with a substitution ρ such that
ρ(xi )

= qi

ρ(yij )

= qij

(1 ≤ i ≤ n), and
(1 ≤ i ≤ n, 1 ≤ j ≤ mi )
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yields the transition
a!
q = f (q1 , . . . , qn ) −−
→ ρ(C[~x, ~y ]).

By construction, σ(z)S ρ(z) for each variable z occurring in C[~x, ~y ]. Therefore Lemma 25 now yields that
p0 = σ(C[~x, ~y ]) S ρ(C[~x, ~y ]),
and we are done.
Appendix B. Proof of Theorem 22
Before proving Theorem 22, we will show two auxiliary lemmas that will be
use in its proof.
Lemma 26. Let P be a GSOS language in iocos-format. For every term t,
a?
input a? ∈ I and closed substitution σ, we have that σ(t)−
−−−6→ if, and only if,
there exists some η ∈ χ(t, a?) such that σ(x) |= ψη (x) for each x ∈ var(t).
Proof. The
V result follows straightforwardly. First, recall that, by definition,
ψη (x) = r∈R(t,a?) neg(η(r), x). Second, note that given a premise η(r) ∈ Hr ,
the formula neg(η(r), x) is such that σ(x) |= neg(η(r), x) iff σ(x) does not satisfy
premise η(r). So, if there is some η ∈ χ(t, a?) such that σ(x) |= ψη (x), for each
x ∈ var(t), then no rule in R(t, a?) can be used to derive a transition from σ(t).
a?

Conversely, if σ(t)−
−−−6→ , then, for each r ∈ R(t, a?), there is some premise in
Hr that is not satisfied by σ(t). Let η be the choice function that picks those
premises. Then, by the discussion above, σ(x) |= ψη (x) for each x ∈ var(t).
a?
Lemma 27. Let P be a GSOS language in iocos-format. Let r = H/t −−
→ u and
a?
b?
b?
r0 = H 0 /t −−
→ u be such that if x −−
→ y ∈ H 0 with y ∈ var(u), then x −−
→ y ∈ H.
−1
Consider ψ, ψ 0 ∈ t−1
(ϕ) such that ψ is obtained using
R (h|a?|iϕ) and φ ∈ u
0
ruloid r and φ, and ψ is obtained using ruloid r0 and φ. Then ψ(x) implies
ψ 0 (x) for all x ∈ var(t).

Proof. We show that each conjunct of ψ 0 (x) is implied by ψ(x). Without loss
of generality, let us assume x ∈ var(u). By construction,
V
• ψ(x) =
h|b?|iφ(y) ∧ φ(x).
b?
x−
−
→ y∈H
y∈var(u)

• ψ 0 (x) =

V

c?

x−
−→ z∈H 0
z∈var(u)

h|c?|iφ(z) ∧ φ(x).

c?
c?
By hypothesis, if x −−
→ z ∈ H 0 with z ∈ var(u), then x −−
→ z ∈ H. This implies
0
that each conjunct h|c?|iφ(z) of ψ (x) is also a conjunct of ψ(x), and the claim
follows.
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Proof of Theorem 22. The proof is by structural induction on the formula
φ. We only show the case of φ = h|a?|iϕ since the others are the same as in [17].
Only if implication: Let us suppose that σ(t) |= h|a?|iϕ. Then, by definition
a?

of the satisfaction relation |=, either σ(t)−
−−−6→ or there exists some p such that
a?
σ(t) −−→ p and p |= ϕ.
a?

Let us first consider the case when σ(t)−
−−−6→ . This means that it is not
a?
possible to apply any of the rules with conclusion t −−
→ u for some u. By
Lemma 26, there exist η ∈ χ(t, a?) and ψη such that σ(x) |= ψη (x) for each
x ∈ var(t). That is, there exists some ψη ∈ t−1
χ (h|a?|iϕ) such that σ(x) |= ψη (x),
for all x ∈ var(t), and we are done.
a?
On the other hand, if there exists some p such that σ(t) −−
→ p and p |= ϕ,
a?
0
there are a rule r = H/t −−→ u and a closed substitution σ such that σ 0 |= H,
σ 0 (t) = σ(t) and σ 0 (u) = p. Since σ 0 (u) |= ϕ by the induction hypothesis
there exists some φ ∈ u−1 (ϕ) such that σ 0 (z) |= φ(z) for all z ∈ var(u). Now,
let us consider ψ ∈ t−1
R (h|a?|iϕ) constructed as in Definition 18 from the rule
a?
r = H/t −−→ u and φ ∈ u−1 (ϕ).
c!

b?
In this case we have that σ(x) = σ 0 (x) −−
→ σ 0 (y) and σ(x) = σ 0 (x)−−6→ , for
c!

b?
all x −−
→ y ∈ H and x−−6→ ∈ H. We show that σ(x) = σ 0 (x) |= ψ(x) for all
x ∈ var(t). We distinguish two cases depending on whether x ∈ var(u) or not.
V
• If x ∈ var(u), by definition ψ(x) =
h|b?|iφ(y) ∧ φ(x),
b?
x−
−
→ y∈H,y∈var(u)
and by the inductive hypothesis σ 0 (x) |= φ(x) and σ 0 (y) |= φ(y), for each
b?
0
y ∈ var(u). Since σV
(x) −−
→ σ 0 (y), because σ 0 satisfies H, we obtain the
0
following: σ (x) |=
h|b?|iφ(y). Hence, σ(x) = σ 0 (x) |=
b?
x−
−
→ y∈H,y∈var(u)
ψ(x).
V
• If x ∈
/ var(u), by definition that ψ(x) =
h|b|iφ(y), and
b?
x−
−
→ y∈H,y∈var(u)
0
using the same reasoning as before, we conclude σ(x) = σ (x) |= ψ(x).

Finally, for all x ∈ var(t), σ(x) = σ 0 (x) |= ψ(x).
If implication: Let us suppose that t = f (x1 , . . . , xn ) and that there is some
ψ ∈ t−1 (h|a?|iϕ) such that σ(x) |= ψ(x) for all x ∈ var(t). We have to show that
σ(t) |= h|a?|iϕ.
a?

Since the claim holds if σ(t)−
−−−6→ , we need only consider the case that
a?
a?
σ(t)−−
→ . This means that there are a rule r = H/t −−
→ u and a substitution
σr such that (a) σr |= H, and (b) σ(t) = σr (t), that is, σ(x) = σr (x) for all
x ∈ var(t). Since σ(x) |= ψ(x) for all x ∈ var(t), by Lemma 26, item (a) above
yields that ψ ∈ t−1
R (h|a?|iϕ).
a?
Suppose that ψ is constructed using a rule r0 = H 0 /t −−
→ u0 and φ ∈ u0 (ϕ).
Since we assume that the GSOS language is in iocos-format, condition (2) in
a?
Definition 16, tells us that there is a rule r00 = H 00 /t −−
→ u such that:
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(i) for all i ∈ {1, . . . , n}, the positive trigger for variable xi in r00 is included
in the positive trigger for variable xi in r;
(ii) for all i ∈ {1, . . . , n}, the negative trigger for variable xi in r00 is included
in the negative trigger for variable xi in r; and
b?
b?
(iii) if xi −−
→ z ∈ H 00 and z ∈ var(u), then xi −−
→ z is also contained in H 0 .
00
0−1
Let ψ 0 ∈ t−1
(ϕ). By Lemma 27,
R (h|a?|iϕ) be constructed from r and φ ∈ u
0
ψ(x) ⇒ ψ (x) for each x ∈ var(t). Therefore, σ(x) = σr (x) |= ψ 0 (x), for all
x ∈ var(t).
a?
Our goal is to use rule r00 to show that σ(t) −−
→ p for some p such that p |= ϕ.
To this end, we will construct a substitution σ 00 with the following properties:
(1) σ 00 (t) = σ(t), (2) σ 00 (x) |= H 00 , (3) σ 00 (x) |= φ(x) for x ∈ var(u0 ). We note
a?
that using σ 00 and rule r00 , we then have, by (1) and (2), that σ(t) −−
→ σ 00 (u0 )
00 0
and σ (u ) |= ϕ by (3) and the inductive hypothesis. So to complete the proof
we are left to construct σ 00 .
We start by setting σ 00 (x) = σ(x) for each x ∈ var(t). This ensures (1).
Moreover, since σr (x) = σ(x) = σ 00 (x) for each x ∈ var(t) and σr satisfies
all the negative premises in H by item (a), by condition ii σ 00 satisfies all the
negative premises in H 00 . We now show how to extend the definition of σ 00 in
order to satisfy also the positive premises in H 00 .
b?
• If xi −−
→ y ∈ H 00 and y ∈
/ var(u0 ), then by condition (i) above there is
b?
a positive premise xi −−
→ y 0 ∈ H. Since σr (xi ) = σ(xi ) = σ 00 (xi ) and
b?
σr |= H, there is some p0 such that σr (xi ) −−
→ p0 . We set σ 00 (y) = p0 .
b?
• If xi −−
→ y ∈ H 00 and y ∈ var(u0 ), then σ 00 (xi ) = σr (xi ) = σ(xi ) |=
0
ψ (x). Now, by construction, ψ 0 (x) has a conjunct h|b?|iφ(y). Again, by
b?
condition (i, there is some p0 such that σr (xi ) −−
→ p0 |= φ(y). We can
therefore set σ 00 (y) = p0 to guarantee item (3) above for y.

Finally, note that if x ∈ var(t)∩var(u0 ), ψ 0 (x) has φ(x) as conjunct and therefore
setting σ 00 (x) = σ(x) guarantees (3) for those variables.
This completes the definition of σ 00 having properties (1)–(3), and we are
done.
Appendix C. Proof of Theorem 23
We start by establishing the following lemma, which states the correctness
of the definition of contradictory sets of formulae in Definition 19.
Lemma 28. Assume that H1 and H2 are contradictory sets of transition formulae whose left-hand sides are over distinct variables x1 , . . . , xn . Let σ be a
substitution mapping variables to states in an LTS that satisfies H1 . Then there
is no substitution ρ such that ρ(xi ) = σ(xi ) for 1 ≤ i ≤ n and ρ satisfies H2 .
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Proof. Since H1 and H2 are contradictory, there are H10 ⊆ H1 and H20 ⊆ H2
such that H10 and H20 contradict each other. We proceed by a case analysis on
the possible form H10 and H20 may take, following Definition 19.
a

• Assume that H10 = {x −−a→ y} and H20 = {x−−6→ } for some a ∈ L. Since
a
σ(x) −−a→ σ(y), there is no substitution ρ such that ρ(x) = σ(x)−−6→ .
δ!
• Assume that H10 = {x −−b!→ y} and H20 = {x −−
→ z} for some b! ∈ O \ {δ!}.
b!
Since σ(x) −−→ σ(y) and no state that can perform such a transition is
δ!
quiescent, there is no substitution ρ such that ρ(x) = σ(x)−−
→.
b!

• Assume that H10 ∪ H20 = {x−−6→ | b! ∈ O} for some variable x. Since σ(x)
satisfies H10 and every state in an LTS performs at least one output-labelled
transition, we have that σ(x) cannot satisfy H20 and we are done.
The cases resulting by swapping the role of H10 and H20 in each item above
are handled by symmetric arguments.
We are now ready to prove prove Theorem 23. We will show the two implications separately.
Proof of Theorem 23. We assume that f is quiescent consistent and prove
Property (4):
a!

δ!
f (~
p) −−
→ p0 iff p0 = f (~
p) and, for each a! ∈ O \ {δ!}, f (~
p) −−6→ .
δ!
Only if implication: Assume that f (~
p) −−
→ p0 , where p~ = p1 , . . . , pn is a
sequence of states in some LTS. Then there are a rule

H
r

δ!
f (~x) −−
→t

and a substitution σ such that σ(f (~x)) = f (~
p), σ(t) = p0 and σ satisfies the
premises in H. By condition [δ1 ] in Definition 20, we have that t = f (~y ) for
δ!
some vector of variables ~y such that each yi is either xi or xi −−
→ yi ∈ H. By the
δ!
requirement on −−→ in Definition 1 and the fact that σ satisfies the premises in
δ!
H, we infer that σ(yi ) = pi for each xi −−
→ yi ∈ H. Thus p0 = σ(t) = σ(f (~y )) =
b!

f (~
p). We are therefore left to show that f (~
p)−−6→ for each b! ∈ O \ {δ!}. To this
end, it is enough to prove that if
H0
r’

f (~x) −−b!→ t0

is a rule for f , then no substitution ρ that agrees with σ over ~x can satisfy H 0 .
In order to see this, observe that, by condition [δ1 ] in Definition 20, the sets H
and H 0 are contradictory. Since σ satisfies H, by Lemma 28, no substitution ρ
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that agrees with σ over ~x can satisfy H 0 .
b!

If implication: Assume now that f (~
p)−−6→ for all b! ∈ O \ {δ!}. We will argue
δ!
that f (~
p) −−→ f (~
p). Let {r1 , . . . rn } be the set of output-emitting rules for f not
having δ! as label of their conclusions. Because of our assumption above, for
each ri there is some premise li of ri for some variable xj in ~x that pj does not
satisfy. For each 1 ≤ i ≤ n, we define li as follows:
(
a
xj −−a→ yi if li = xj −−6→
li =
a
xj −−6→
if li = xj −−a→ y, for some y.
Here the variables yi ’s are all different and distinct from the variables in ~x.
By condition [δ2 ] in Definition 20, we have that the set of rules for f includes
the rule
{l1 , . . . ln }
r

δ!
f (~x) −−
→ f (~x)

.

Indeed, no two sets of formulae included in {l1 , . . . ln } contradict each other
because of the way that set of formulae is constructed.
It is now easy to see that there exists a substitution ρ such that ρ(f (~x)) =
δ!
p) −−
→ f (~
p), and we
f (~
p) and ρ satisfies {l1 , . . . ln }. Hence, we conclude that f (~
are done.
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